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C H A PT E R  ON E 
I NT RODUCT I O N 
1 . 1  Hi sto rica l S t u dy of t h e  I mporta n ce of Vi b ration 
T he f i rst  i nd i v i d u a l  to s how a ny i n te re s t  i n  t h e  st u dy of 
v i b ra t i on s wa s t h e  I ta lia n G a l i l ee G a l i l e i  ( 1 564 - 1 642 ) ,  w h o  by u s i ng 
geomet r i ca l mea n s  s howed t h e  depe n d e n ce of n at u ra l  f req u e n cy of a 
s i m p l e  p e n d u l um on  t h e  pend u l u m ' s  l ength . G a l i l eo a l so i nit i a ted t h e  
s t u d y  o f  vib ra tio n s  o f  r i ngs a n d  p l ates , b u t  h e  cou l d  not e s ta b l i s h  a n  
a n a l ytica l t reatme nt  which  cou l d  exp l ai n  h i s  exp e rimen ta l  obse rva­
t i on s . A w h o l e  s e r i e s  of pages a nd ch a pte rs  cou l d  b e  a n d  h a ve been 
d evoted to t h e  h i s to rica l deve lopment  of t h e  f i e l d  of vib rat i o n . Fo r 
t h e  rea d e r ' s  refe ren ce , it i s  wo rthw h i l e to m e n t i o n  a few book s  which 
h a ve c h a pte rs d ea l i ng wit h  t hi s  top i c :  Timo s h e n ko ' s His to ry of 
S t rength of  Mate r i a l s , ( 1 953 ) ,  . o r  J . T .  Ca n no n ' s  Evo lution of 
Dyn am i c s : Vib ration T h eo ry f rom 1 687 to 1 742 , ( 1 98 1 ) o r  Love ' s  
T reat i se o n  t h e  Math ematica l T h eo ry of E l a sticity , ( 1 944 ) . T hi s  
i n t rod u cto ry c h apte r by  no  mea n s  attempts to p rovid e a d etai l ed 
a ccou n t  of t h e  h i s to rica l deve l opment i n  vib ratio n s . Howeve r ,  i n  
o rd e r  to b ette r i l l u s t rate t h e  i m porta n t  ro l e  t h a t  t h
.
e s t u d y  of v i b ra ­
tion s  h a s  p l ayed i n  t h e  pa s t  a n d  w i l l  p l ay  i n  t h e  f u t u re· of t h e  e ng i ­
n ee r i ng fie l d ,  t h e  a ut h o r  fee l s  t h a t  a b r i ef o u t l i n e of th e majo r d eve l ­
opments  o n  v i b ration resea rch i s  impe rat ive  a t  t h i s  po i n t . 
Afte r G a l i l ee ' s  p i o nee r  s t u d i es, Jos e p h  S a u ve u r ( 1 653 - 1 7 1 6 )  
s t u d i ed t he  v i b ra t i o n s  of s t r i ngs . I t  wa s S a u ve u r who  f i r s t  ca l c u -
l a ted t h e  f req u e n c i es of a v i b rat i ng s t r i ng a s  a f u n ct i o n  of th e 
s t r i ng ' s  s ag at i t s  center. I t  wa s a l so S a u v e u r w h o  f i r s t  u s ed t h e  
te rm "nodes " to i n d i cate ze ro d i s p l a cemen t  po i n t s  o n  a s t r i ng v i b rat­
i ng a t  i t s  n at u ra l f req u e n cy .  He a l so u s ed t h e  t e rm s  " f u n damenta l" 
fo r t h e  l o'.1est  n at u ra l f req u e n cy a n d  " h a rmon i cs "  fo r t h e oth e r  f re ­
q u en c i es . 
A s  oth e r  a rea s of s c i e n ce were be i ng d ev e l oped , t h e  s t udy  
o f  v i b ra t i on  became mo re p rec i s e . T h ree ma i n  s c i e n t i f i c  d i s cove r i es 
w h i c h  co n t r i b u ted  to th e e n h a n ceme n t  of t h e  s t u d y  of v i b rat i o n s 
we re: ( 1 )  t h e  e s ta b l i s h ment  of t h e  ba s i c l a w  of e l a s t i c i ty by Robe rt 
H oo ke i n  1 676; ( 2 )  t h e  en u n c i at i o n  of Newto n ' s  l aw re l a t i ng fo rce , 
mas s. a n d  acce l e ra t i on  i n  1 687; a n d  ( 3 )  th e e s ta b l i s h me n t  of d i ffe re n ­
t ia. I c a I c u I u s b y  Le i  b n i z ( 1 646 - 1 7 1  6 )  . 
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A mong t h e  ma n y  nota b l e  n ames con t r i b u t i ng to t h e  s t u dy of 
v i b ra t i o n s ,  i t  i s  i mpe rat ive  to i n c l u d e  Tay l o r ,  B e r n o u l l i, D ' Aiembe rt ,  
Eu l e r ,  Lag ra nge , K i rchoff , Fou r i e r ,  Lamb , Cou lomb a n d  Ray l e ig h . 
I n  1 877 , R ay l e igh  p u b l i s h ed his res u l ts  on  t h e  t h eo ry of sou n d . H e  
a l so p roposed t h e  u s e of t h e  p r i n c i p l e  of con s e rv at i o n  of e n e rgy to 
f i n d  t h e  fu n da m e n ta l f req u ency of v i brat i ng co n se rvat i v e  systems . 
Among t h e  p i o n eers  of v i b ra t i on  res ea rch i n  t h e  p resent  
cen t u ry ,  t he fo l l ow i ng sta n d out : S todo l a  ( v i b ra t i n9 t u r b i n e  b l ades ) , 
T i mos h e n ko ( v i b ra t i o n s  of beams a n d  p l ates ) , a n d  M i n d l i .n ( v i b rat io n s  
o f  beams a n d p l ates ) , M i n o rs ky a n d  Sto k e r ( n on - l i n ea r  v i b rat i on ) .  
Whe rea s t h e  p io n ee rs of v i b ra t i o n  i n vest iga t i o n s  sought  t he  
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u n d e rsta n d i n g of t h e  n atu ra l . p h enomen a  a n d  t h e  d e r i vat ion  of math e ­
mat i ca l  mod e l s  to bette r desc r i be t h e  v i b ra t i on  of p h y s i ca l  systems , 
t h e  resea rc h e rs i n  t h i s  ce n t u ry h ave s t r i ved to a p p l y  t h e  k n ow l ed g e  
g a i n ed i n  t h e  p a s t  t o  ma ke  n ew d i s cove r i es , so  t h at v i b rat i on  a n a l y s i s  
ca n b e  a p p l i ed to p ra ct i ca l  e n g i n ee r i n g  p rob l em s . H en c e ,  today ' s  
e ng i n ee rs h a ve become awa re of th e fact t h at ma n y  e n g i neer i n g  sys ­
t�ms  a re s u bjected to v i b ra t i o n s  e i t h e r  beca u s e  of exte r n a l  e x c i ta t i o n s  
( fo rced v i b ra t i on s )  o r  beca u se of t h e  system ' s a b i l i ty to sto re e n e rgy  
a s  a res u l t o f  i ts e l a st i c p rope rt i e s  ( f ree v i b ra t i on s ) . Be i n g  a b l e  to 
des i g n  so v i b ra t i o na l effects a re m i n i m i z ed h a s  b ecome a fu n d amenta l 
a s s et i n  today ' s e n g i n ee r i n g  a pp l i cat ion s .  A s  a res u l t ,  t h e  v i b ra t i on  
f i e l d  h a s  been  a b l e  to  g row a n d become mo re  s pec i a l i zed . Vi b ra t i on 
a n a l y s i s  i s  now ca pa b l e  of p l a y i n g  a v e ry i mpo rta n t  ro l e  i n  a w i d e  
ra n g e  of e n g i n ee r i ng a pp l i c,?�t io n s  s u ch a s  t h e  d es i g n  of mach i n es ,  
e n g i n es ,  fou n dat i on s, con t ro l  systems a n d  s t r u ct u res . 
Fo r i n sta n ce ,  a n  e n g i n ee r  ca n u se v i b ra t i on  k n ow l edge  to 
en h a n ce t h e  d es i g n  of v i ta l  st r u ctu res ( s u ch  a s  b r i d g es , n u c l ea r 
reacto rs ,  a nd b u i l d i n g s ) , p a rt i c u l a r ly  w h en . ea rth movement  i s  a con­
ce rn . S i n ce Wo r l d  Wa r I I ,  t h e  res u l ts obta i n ed f. rom t h e  v i b rat i on  
st u d i es of  cy l i n d r i ca l  s t r u ct u res h a ve s u cces sf u l l y  been u s ed ,  b u t  a re 
n ot l i m i ted  to i mp rov i n g t h e  d es i g n  of s u bm a r i n es , p i p e l i n es ,  m i s s i l e  
booste rs  a n d  com p re s s o r  s h e l l s .  A mech a n i ca l  .e n g i n ee r. ca n a p p l y  
v i b rat i o n con cepts to d es i g n  eff i c i e n t  dam p i n g  t reatments  u s ed to 
m i n i m i ze t h e  v i b rat i on  effects of ma ny  ma ch i n e ry compone n ts . T h e  
u n ba l a n ces i n  rotat i n g  mac h i n e ry ca n c reate o s c i l l a t i o n s. t h at b r i n g  
a bout  t h e  fa i l u re of mach i n e components  d u e  to fa t i g u e. I n  ot h e r  
ca s es , t h es e  u n b ala n ce s  may c reate g rou n d  wa ves . o r  exces sive noi se  
which  ca n p rod u ce discomfort to  h u ma n s . I n  eit h e r  ca s e ,  t h e  p rob -
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l em ca n be con side red by u si ng vib rat ion  a n a l ysis . T h e  few exam p les  
mentio n ed a bove a re i n d i ca t i on s of  the  i m po rta n t  ro l e  t h e  th eo ry of 
vib rat i o n s h a s  p l ayed a n d wi l l  cont i n u e to p l ay i n  t h e  engi n ee ring 
dis c i p l i n e .  
1 . 2 Vib rations  of So l i d  C i rcu l a r Rods 
I n  t h e  p rev i o u s s ect i o n , t h e  s ig nif i ca n ce of t h e  gen e ra l  f i e l d  
o f  v i b ration s  wa s con side red. Si n ce this  i n ves t iga t i o n  i s  res t ricted to 
t h e  st u d y  of v ib ratio n s  of c i rcu l a r  s t r uct u re s , t h e  rema i n de r of th i s  
i n t rod u cto ry c h a pte r  rev i ews  a n d categor i zes  p a s t i n ve s t igation s  
rega rd i ng t h e  v i b ra t i o n s of_ci rcu l a r  s t r uct u res . 
Si n ce t h e  v i b rat i on s of a n  e l a stic so l i d  i n c l u de s  th e t ra n s -
m i s sio n of e l a s t i c  e n e rgy by two types of wav e s  ( di l atat i o n a l  a nd d i s -
to rtio n a l ) ,  t h e  s t u dy of v i b rat ion s req u i re s  t h e  a n a l y s i s  of wave p ro-
pagatio n . Each  typ e  of wave p ropagates at. a s peed w hich  i s  t h e  
rat i o  of t h e  i n e rtia ( de n s i ty )  a n d  defo rma b i lity ( e l a s tic  con s ta nts ) of 
t h e  so l i d . H oweve r ,  w h e n  a n  e l a st i c  bod y  i s  s u bjected to vib rat i o n s ,  
bot h types of waves  a re ge n e rated , a n d  a s  a con s eq u e n ce ,  t h e  rate 
of wa ve p ropagation is  no  l onger con sta n t .  I n  _fa ct , i t  d epe n d s  on  
the  wa ve l e ngth of  the  exc i tation . So l ving t h e  res u lt i ng wa ve p ropa-
gatio n  p rob l em i n  a bou n d ed e l a st i c  medi u m  u sing t h e  t hree-
d i men s i o n a l t h eo ry of e l a stic i ty becomes a d i ff i c u l t  ta s k .  Ma n y  meth"" 
od s of so l u tion to t his  p rob l em h a ve bee n  p re s e n ted , a s u mma ry of 
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wh i ch fo l low s . 
T h ro u g hout the  yea rs , stu d i es of v i b rat i n g  c i rcu la r struc­
tu res h a ve been d i v i ded i nto th ree gen e ra l  catego r i es : v i b ration s of 
e l a st i c  sol i d  cyl i n ders , v i b rat ion s of i sot rop i c  e l a s t i c  h o l l ow cyl i n d e rs , 
a n d  v i b rat i o n s  of ho l low cy l i n ders made of v i s coe l a st i c  mate ri a l s . 
T h i s  resea rch i s  ma i n ly con cerned with t h e  stu d y  of v i b ration s of 
e last ic  h o l l ow cy l i n d e rs . 
T he f i rst mathemati ca l  attempt to stu d y  t h e  v i b ratio n s  of 
sol i d  cy l i n de rs wa s con d u cted by Pochha mme r ( 1 876) , who emp l oyed 
th e gen e ra l  t h eo ry of e l a st ic i ty i n  h i s a n a l ys i s . Poc h h ammer was fo l ­
lowed by C h ree ( 1 886) . Both  Poch h ammer a n d  C h ree con s i dered a n  
i nf i n i te ly  l o n g  c i rcu l a r  rod wh i c h  wa s t ract ion -free o n  i ts ci rcu mfe r­
ent i a l  bou n d a ry ,  but t h ei r sol ut ion d i d  not a l l ow t racti on -free en d s . 
Afte r Poch h amme r a n d  Ch re� ma ny a n a l yt ica l  tech n i q u es we re p re­
sented . H owev e r ,  t h es e  tech n i q u es a s s u med t h e  so l i d  cy l i nder wa s 
e ith e r  a th i n  d i s k  o r  a s l ender  rod , a n d ,  a s  a res u lt ,  we re i n a de­
q u ate to p red i ct the n atu ra l freq u enci es of so l i d  cyli n d e rs when  t h e  
h e i g ht-to - rad i u s  rat i o  a p p roac h ed u n ity . 
McN i ven a n d  Pe r ry ( 1 962 ) con s i dered t h e  cou p l i n g of lon g i ­
tu d i n a l  a x i a l  s h ea r ,  a n d  rad i a l  modes of p ropa gat ion  i n · a n  i n f i n ite 
l ength rod . T h e  Ray l e i g h - R i tz method · wa s u s ed by R u merma n a n d  
Ray nor ( 1 97 1 ) to study th e rad i a l  a n d a x i a l  mo�es of a n  i nfi n ite cy l ­
i n der . T h e  fo l lowi n g  yea r , J . R .  H u tch i n son ( 1 972 ) ·p roposed a ser i es 
sol ut io n of the  genera l  th ree - d i men s iona l th eo ry of e l a st i c ity eq uat io n s  
t o  study t h e  a x i symmet r i c  v i b ration s o f  a free f i n i te l en gth rod.  
G . W .  McMahon ( 1 964) p u b l i s h ed t h e  res u l ts of  h i s  
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e x pe r i me n ta l s t u d i e s  of so l i d  a l um i n u m a n d  stee l  cy l i n d e rs w i t h  f ree 
bou n d a r i e s  a n d  w i t h  h e i g h t-to- rad i u s  rat ios ra n g i n g f rom 0 . 2  to 3 . 3 .  
U s i n g a s h a ke r ,  h e  e x c i ted s i x  modes  of c i rc u mfe re n t i a l  o rder  ze ro ,  
s even  modes  of o rd e r  on e ,  fou r mod es of o rd e r  two , a n d  th ree modes 
of o rd e r  fou r .  T h e  n odes  a nd ant i nodes  fo rmed d u r i n g vib rat ion 
we re d ete rm i n ed by mea n s  of s a n d  patte r n s  a n d  v i b ra t i o n  p robes . 
Ras ba n d  ( 1 975 ) . e x ten ded H u tch i n son ' s  wo r k  to s t udy t h e  
non a x i s ymmet r i c  v i b ra t i on s o f  a f ree f i n i te l e n g th  s o l i d  cy l i nd e r . 
Howeve r ,  Ra s ba n d  d i d  not p resent  a n y  n u me r i ca l  res u l t s  i n  h i s  
p a pe r .  H u tc h i n son  ( 1 980 ) p resented a n  e x te n s io n  of h i s  ea r l i e r  work 
to i n c l u d e  both t h e  a x i symmet r i c  a n d  non a x i symmet r i c  v i b rat io n s  of a 
f ree  s o l i d  rod . H u tch i n son ' s  res u l t s  we re i n  a g reeme n t, w i t h  t h e  
e x p e r i me n ta l  res u l t s  obta i n ed b y  McMa h o n  ( 1 964 ) . 
1 . 3 Vi b ra t i o n s of H o l l ow Cx l i nde r s  
T h rou g h o u t  t h e  yea rs , n u me ro u s  a p p roaches  a n d  tech n iques 
h a ve been  u se-:1 to s t u dy t h e  v i b rat i o n s of ho l l ow c i rcu l a r s t r u ct u res . 
Ray l e i g h  ( 1 894) d eve l oped a n  e x p re s s i o n  fo r t h e  .n at u ra l f req u en c i e s  
of t h i n  cy l i n d e rs w i t h  f ree e n d s, con s i de r i n g  a x i a l  v i b ra t i on . T h e  
f l ex u ra l  v i b ra t i o n  o f  cy l i n d e rs wa s con s i d e red b y  Love ( 1 927 ) . 
F l u gg e  ( 1 934 ) exten ded Love' s  wo r k  to obta i n  Q f req u e n cy eq u at i on 
fo r a cy l i n d e r  w i t h  f ree e n d s . A rn o l d  a nd Wa rb u rton ( 1 949 ) u sed 
T i mos h e n ko's  s t ra i n  re l at i o n s to d e r i v e  f req u en cy eq u a t io n s  to ve r i fy 
t h e i r e x p e r i m e n ta l  res u l t s  i n  t h i n  cy l i n de rs w i t h  f ree l y  .s u p po rted 
e n d s . O n e  of t h e  con c l u s i o n s  of t h e i r i n ve s t i g a t i o n  wa s tha t  fo r 
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s ho rt cy l i n d e rs w i t h  v e ry t h i n  wa l l s  t h e  n at u ra l  f req u en c i e s  d ec rea s e  
a s  t h e  n u mb e r  of c i rc u mfe re nt i a l  nodes  i n c rea s e s . A rn o l d  a n d  
Wa rb u rton ( 1 949 ) con c l u ded t h at th i s  dec reme n t  o n  n at u ra l f req u e n­
c i e s  was  att r i b u ted to t h e  s t ra i n  e n e rgy  depe n d e n ce on  ben d i ng a n d  
s t retch i n g . A rn o l d  a n d  Wa rb u rton ( 1 953 ) e x te n d e d  t h e i r s t u d i es on 
f l e x u ra l  v i b ra t i on s of t h i n  cy l i n d e rs to i n c l u de oth e r e n d  con d i t i o n s ,  
a n d  a ra n g e  of cy l i n d e r  t h i c kn es s , by d ef i n i n g a wavek: ngth  facto r to 
acco u n t  fo r d iffe ren t  e n d  con d i t i o n s. 
Fo rs b e rg ( 1 9 64 )  u s ed F l u gge ' s t h ree eq u at i on s of mot i on  to 
d e r i v e  a met hod fo r dete rm i n i n g n a t u ra l f req u enc i es fo r u n i fo rm th i n  
cy l i n d r i ca l  s h e l l s  rega rd l es s of e n d  con d i t i o n s .  Fo rs be rg ' s  method 
req u i red t h e  i n i t i a l  a s s u mpt ion  of a n at u ra l f req u en cy .  , O n ce th i s  
f req u e n cy was  a s s u med , t h e  l en gt h  of t h e  cy l i n d r i ca l  s h e l l fo r g i ven  
end  con d i t i o n s wa s d e r i ved- . H ence ,  t h i s  m et h od was  t h e  reve rse of 
air t h e  p rev i o u s method s  i n  wh i ch t h e  n at u ra l f req u e n cy fo r a g i ven  
cy l i n d e r ' s  l e n gt h  wa s sou g h t .  T h e  wea k n es s  o f  Fo rs b e rg ' s  method 
con s i s ted i n  t h e  m u c h  g reate r com p u ta t i on  req u i red  o n  compa r i son  
w i t h  a l l  t he  p rev i o u s tech n i q u es . Wa rb u rton (1965 ) p re s e n ted a n  
o u t l i n e of t h e  gen e ra l  Fo r s b e rg ' s  met hod a s  a pp l i-ed  to t h i n  cy l i n d r i ca l  
s h e l l s  fo r c l a m ped a n d  f ree e n d s . Wa rbu rton (1965)  compa red t h e s e  
res u l t s  w i t h  p rev i o u s a pp rox i mated t h eo r i e s , a n d  h e  not i ced  t h a t  h i s  
res u l t s  a g reed fo r l o n g  a x i a l  wave l en gth s a n d l a rg e  n u mbe rs  of c i r ­
c u mfe ren t i a l  waves . H e  con c l u ded t h a t  fo r l o n g  a x i a l  wave l e n gt h s  
a n d  l a rg e  n u m be rs of c i rcumfe ren t i a l  waves  t h e  effect of e n d  con d i ­
t i on s wa s n eg l i g i b l e ,  a nd i t  wa s pos s i b l e  to t reat  t h e  ends  a s. s i m p l y · 
s u p po rted fo r f req u e n cy ca l cu l at i o n s .  
8 
A s  mo re a p p licat i on s i n  t he  e n gi n ee r i n g  .fie l d  we re fou n d  fo r 
c i rcu l a r  s t r u ct u res , mo re t i me wa s d evoted to t h ei r  s t u d y  a nd u n de r ­
sta n di n g . As  d e s c r ibed i n  t h e  p reviou s pa rag ra p h s , ma n y  stu dies 
u s ed t h e  t h eo ry of s h e l l s  a n d  p l ates to desc r i b e  t h e  v ib rat i o n s  of c i r ­
cu l a r  s t r u ct u res . · F rom the l ate 1 800 ' s  to  th e p re s e n t  nume rou s 
i n vestigation s  u s i n g  t h i s  t h eo ry h a ve been p re s e n ted . A n  accou nt of 
which ca n be  fou n d  i n  t h e  i n t rod ucto ry c h a�..�te r i n  T h i n - S h e l l 
St ruct u res : T h eo ry ,  E xpe r i ment  and  Desig n , edited by Y . C .  F u n g  
a n d  E .  E .  S ech l e r  i n  1 972 . 
A lt hou g h  ma n y  cy l i n d rica l s t ructures ca n be  a n a l yzed u s i n g 
th e th eo ry of t h i n  s h e l l s ,  thic ker  cy l in d e rs h a v e  to be s t u died u si n g  
t h e  g e n e ra l  t h ree d i men s io n a l  t h eo ry of e l a st i c i ty w h i c h  a pp lies 
eq u a l l y  to t h i c k  o r  th i n  s h e l l s .  I t  a ppea r s  t h at t h e  f i rst  i n d i vid u a l s  
·to s tu dy  t h e  v i b rat i o n s of a� n i n f i nite ly  l o ng  t ract i o n - f ree h o l l ow cy l ­
i n d e r  u s i n g t h e  l i n ea r  th ree- dimen sio n a l t h eo ry of e l a stic i ty were 
i n de p e n d e n t l y  G reen s po n  ( 1 957 ) a n d  G a z i s ( 1 959 ) . 
G azi s  ( 1 959 ) , i n  pa rt i cu l a r ,  con side red th e t ra n sm i s s i on  of 
e l a st i c e n e rg y  by mea n s  of two types  of wav e s  ( di l atat i o n a l  a n d  dis-
to rt i o n a l )  i n  a n . i n fi n i te isot ropic ho l l ow cy li n d e r .  B y  u s i n g t h e  th ree 
dimen sio n a l  t h eo ry of e l a st i c i ty ,  he wa s ab l 'e to s o l v e  th e a s sociated 
e i ge n v a l u e p rob l em fo r s t re s s - f ree  cy li.n d rica l s u rfaces . H e  p resented 
tab l es of n atu ra l f req u e n cies  fo r d i ffe rent  m ea n rad i u s - to - th i c k n e s s  
rat i os ( 0 . 0 1  to 2 .  0 )  a nd fo r d i ffe rent  n u mbe rs  of c ircumfe rentia l 
wa ves  (0  to 4 )  a n d  diffe rent t h i c kn e s s  to l e n gt h  rat ios  (0 to 1 . 0 ) . 
Afte r G a zi s ' i nve stigat ion , t h e  a x i s ymmet r i c  v ib rat i ons  of 
ho l l ow cy li n de rs wa s con side red by McN i ven , S h a n  a n d  S a c kma n 
( 1 966 ) usi ng a "th ree mode th eo ry" . T h e  n a me "th ree mode t h eo ry" 
o r ig i n ated f rom t h e  fact t h at o n l y  motion s  a s s oc i ated with  t h e  th ree 
l owest  mode s  we re co n s ide red . T hi s  a s s u mpt ion  ca n be j u s tified by 
rea l i zi ng t h at t h e  s eco nd  mode ( radia l mod e )  a n d  t h e  th i rd mode 
(a xia l s h ea r  mod e )  h a ve a hig h i n f l u en ce on  t h e  fu n d amenta l  mode 
(f l ex u ra l  b e n di ng )  a nd on  eac h  oth e r .  H oweve r ,  t h e  fou rth a n d a l l  
hig h e r  modes  h ave  significa nt ly l es s  i n f luence o n  t h e  fi rst th ree 
modes . Sub s eq u ent l y ,  t h e  mot ion s a s sociated  w i t h  t h e  fou rth a n d  a l l  
hig h e r  mode s  we re not con side red i n  t h e  a n a l y sis  p re s ented by 
McN i ve n , S h a h  a n d  S a c kma n ( 1 966 ) . T h ei r  res u l t s  s howed good 
ag reement  with  res u l ts obtai n ed f rom t h e  e x a ct th ree - dime n sio n a l  
t h eo ry . 
G l a dwe l l a n d  Vijay  ( 1 975 ) studied t h e  th ree - d i me n sion a l  
vib ra tion s  of a finite l e ngth ci rcu l a r cy li n de r  with  t ra ction - f ree s u r­
fa ces fo r t h e  fi rst  time , usi ng a finite e l ement  a p p roa ch . 
F u rth e rmore , a two-dime n sion a l  a n a l ysis wa s ca r ried o. u t  by 
H am i d za d e h  ( 1 98 1 ) to study t h e  l oba r vib ration s of t hic k_ e l a stic a n d 
vis coe l a s tic i n fi nite l y  l o ng cy l i nd e rs , a s  wet l  a s  ci rc u l a r  thic k rings, 
s u bjected to u nifo rm h a rmon i c  · e x citation s  a l o ng t h e  cy l i n d e r's  �xi s . 
T h e  reson a n t f req u e n cies obtain ed by H a m i d z a d e h  ( 1 981 ) were i n  
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good ag reemen t  with t h e  n atu ra l f req u-e n cies  obtai n ed by Gazis  ( 1 959 ) 
u s i ng a f ree  vib ration a p p roach . A s  ex pected , H amidzadeh  ' s  res u l ts 
diffe red f rom t h e  estimated reson a nt f req u e n cies  b a s ed on  t h e  
Timos h e n  k o  t h eo ry . T his  i s  d u e  to t h e  fact th at  t h e  T i mos h e n
-
ko 
th eo ry .i s  o n l y  va lid fo r thin  r i ngs , wh i l e H a midza d e h ' s  tech niq u e  
put s  n o  res t riction s  o n  t h e  ring thic k ne s s .  
1 0  
P . A . S va rd h  ( 1 984 )  p u b lis h ed t h e  res u l t s  of his wo r k  on  
a xi symmet r i c  wave  p ropagation i n  a s em i - i n f i nite , h oi l ow ,  e l a s tic ci r -
c u l a r  cy li n d e r  with t ractio n f ree l a te ra l  s u rfa ces i n i t i a l l y at rest a n d  
s u bjected to t ra n s i en t  e n d  l oa d i n g s . Two ca s e s  we re co n side red : 
a p re s c r i bed a x i a l  ve l oc i ty at  t he  e n d  wh i c h  wa s f ree f rom s h ea r 
s t re s s es ,  a n d a n  a x i a l  p res s u re a p p l i ed to a rad i a l l y c l a m ped e n d . 
A Fou r i e r - Lap l a ce do u b l e  t ra n sfo rm tech n i q u e  was  u s ed to obta i n  
a symptotic so l u tion s  va l i d at  l a rge  d i sta n ces  f rom t h e  e n d s  fo r two 
types of time  d e pe n d e n ce fo r t h e  e n d  con d i t i o n s :  step f u n ct i on  a n d  
f i n i te r i s e  t i me fu n ction . J. R .  H utch i n son  a nd S . A . E I - Az h a r i  ( 1 986)  
exte n d ed H utchi n son ' s  wo r k  i n  so lid cy l in d e rs to  i n c l u d e  f ree ho l low 
cy l i n d e r s  wit h f i nite  l e n gt h . T h ey u sed a s e r i es s o l u t i on  of t h e  gen -
, 
e ra l  t h ree dimen s io n a l t h eo ry of e l a s t i c i ty to f i n d  t h e  n a t u ra l f re -
q u e n c i e s . T h ei r  tec h niq u e  s howed ag reement  with t h e  res u l ts  g i ve n  
by. G l adwe l l a nd V ijay ( 1 975 ),  a n d  i t  a l so a g reed w i t h  t h e  T i mos h e n ko 
t h eo ry fo r bea m s  of th i n  wa l l ed c ros s - s ectio n . 
1 . 4  Dampi ng Con s i de rat ion s 
I n  t h e  p reced i n g s ect i o n s ,  a l i te rat u re rev i ew of pa s t  i n ves -
tig at i o n s  reg a rd i n g t h e  dete rm i n ation of n atu ra l f req u e n c i es fo r ci rc u -
l a r  s t ru ctu res ( so l i d  a n d  ho l low) h a s  been p re se nted . K n ow i n g  t h e  
n atu ra l f req u en c i es of a v i brat i n g  system i s  of v i ta l· i m po rta n ce to t h e  
v i b ration a n a l yst  beca u se i t  p rovides  t h e  n eed ed i n fo rmat i o n  t o  d ete r-
min e  t h e  reson a n ce con d i t i o n  of t he  system , wh i c h  i s  t h e  f req uency .. 
p rod u ci n g  t h e  hig h est  a m p l i t u d e  of v i b ra t i on in  t h e  sy stem . 
H oweve r, a not h e r  i mpo rta nt con s i de rat i on  i n  v i b rat i o n  a n a lys i s  i s  
v i b ra t i o n  a tten u at ion  o r  d a mp i ng t reatment . 
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T h e  ma i n  object i ve  i n  damp i ng t reatme nt i s  t h e  i n co rpo rat i on  
of  e n e rgy d i s s i pat i ng dev i ces i n  t h e  s y stem . The  i d ea l  so l u t i on  i s  
t h e  u se of mate r i a l s  w it h  h ig h  hyste ret i c  ( st r u ct u ra l )  d amp i ng .  I n  
gen e ra l, mate r i a l s  w i th h igh  st r u ctu ra l  d a mp i ng coeff i c i e nts  h a v e  low 
s t r u ct u ra l st rength, a n d  a s  a res u l t t h ey a re not s u ita b l e  fo r ma n y  
e ng i n ee r i ng a p p l i cat i o n s  w h e re st ruct u ra l  s t re ngth i s  requ i red . 
T h e  u s e  of v i s coe l a st i c  mate r i a l s  i n stead of pu re e l a s t i c  
mate r i a l s  res u l t s  i n  l owe r v i b ra t i on  a m p l i t u d e s . A n  a lte rn at i ve  
a p p roac h  i s  the  u se of  a com b i n at i on  of  two or  mo re mate r i a l s  i n  
a l te r n ate l ay e r s . U s u a l l y two d i ffe rent mate r i a l s  a re u s ed; o n e  
mate r i a l  p rov i d es t h e  des i red st re ngth o f  t h e  mem b e r, a n d  t h e  s eco n d  
p rov i d e s  t h e  d e s i red s t r u ct!J ra l d amp i ng . T h e  l atte r ca n b e  ca l l ed a 
v i scoe l a st i c  mate r i a l, a n d it d i s s i p ates e n e rgy i n  t h e  fo rm of h eat  
when  s u bjected to a l te r n at i ng s t re s s e s . 
T h e  v i s coe l a st i c  damp i ng t reatmen t  d e s c r i bed i n  t h e  p rev i ­
ou s p a rag ra p h  h a s  been  u sed p r i ma r i l y i n  two types  of a r ra ngements, 
t h e  f ree  v i s coe l a st i c  l aye r a nd th e con s t ra i n ed o r  s a n dw i c h  l aye r .  I n  
t h e  f ree v i s coe l a st i c  l aye r a r ra ngement, a s u rface of the v i s coe l a st i c  
mate r i a l  i s  atta c h ed to a h ig h  st rength mate r i a l, a n d t h e ot h e r  su r­
face i s  f ree . I n  th i s  ca s e, e n e rgy d i s s i pa t i o n  occ u rs whe n  th e v i s­
coe l a st i c  mate r i a l  i s  e xten d e� o r  comp res s ed . A s  the n ame i m p l i e s; 
con st ra i n ed  l a y e r  damp i ng i s  a ccomp l i s h ed by  s a n dw i c h ing a v i scoe­
l a st i c  mate r i a l  between two h ig h  st rengt h  mater i a l s . I n  th i s  ca s e, the 
e n e rgy d i s s i pa t i on  i s  ma i n ly d u e  to t h e  s h ea r  d efo rmat i on  of th e 
v i s coe l a s t i c  l a ye r .  H .  R .  H a m i d zadeh  (198 1 , 1 982 ) . s howed t h a t  t h e  
con st ra i n ed s a n dw ich  l a ye r d amp i n g  t reatment i s  mo re effect i v e  t h a n  
t h e  f ree v i s coe l a st i c  l ayer  d a mp i n g  t reatment. 
N ot s u rp r i s i n g l y, T i mos h e n ko ' s  cu rved beam t h eo ry h a s  
been u t i l i zed  i n  d amp i n g  t reatments  of cy l i n d r i ca l  s t r u ctu res . 
F u rth e rmo re ,  T i mos h e n ko ' s r i n g  t h eo ry p rov i d es b reath i n g ( l oba r )  
.nodes  f req u en c i e s  fo r th i n - l aye red cy l i n d r i ca l  st r u ctu res . 
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A n y  f u rt h e r  d i s cu s s io n  of v i s coela st i c d a mp i n g  i s  beyond  
th e s cope of th i s  i n vest i gat io n. Howeve r� fo r a n  ex te n s i ve l i te ratu re 
rev i ew i n  d am p i n g  t reatment  see p u b l i ca t io n s  by A g ba s i e re a n d  
G roote n h u i s  ( 1 968) , G roote n hu i s  ( 1 9 70 ) ,  Na k ra a n d  G rooten h u i s 
( 1 972 , 1 974 ) , l oa n n i d es a n d  G roote n h u i s ( 1 979 ) a n d  Lu  a n d  Eve rst i n e  
( 1 980 ) . 
1 .  5 S cope of t h e  P re sen t  I n vest igat ion  
As  i t  ca n be  s ee n  i n  the  l i te ratu re s u rvey g i v e n  i n  t h e  p re ­
v i ou s  pa ra g ra p h s ,  ma n y  resea rch stu d i es h a ve been p u b l i s h ed  
d es c r i b i n g  the  v i b ra t i on  of  c i rcu l a r s t ructu res by u s i n g t h e  s h e l l 
t h eo ry a pp roac h. A l thou g h  i t  ca n be emp loyed i n  t h e· a n a l ys i s  of 
ma n y  en g i n ee r i n g  systems , t h e  s h e l l  theo ry h a s  p roven  to be i n ade ­
q u ate i n  t h e  a n a l y s i s  o f  systems w h i c h ca n not.be  mode l ed a s  th i n  
s he l l s . I t  h a s  been s hown by G a z i s  ( 1 959 ) , H utch inson  ( 1 972 , 1 986 ) , 
a n d  H a m i d z adeh  ( 1 98 1 , 1 982) that  t h e  th i n  s h e l l  t h eo ry ca n n ot p ro ­
v i de t h e  dy n a m i c  res pon s e  a d eq uate l y . T h i s  i s  d u e  to t h e  fa ct that · 
t h e  t h i n - s h e l l  th eo ry does n ot h ave  t h e  capa b i l i ty of con s i d e r i ng  
th i c k n e s s  modes . A mo re rea l i s t i c  tec h n i q u e  i s  t h e  u se of t h e  
g e n e ra l th ree- d i men s io n a l t heo ry of e l a st i c i ty w h i c h p u ts no  rest r i c -
t io n s  o n  t h e  cy l i n de r ' s th i c k n es s  o r  l e n gth . 
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I n  t h e  pa st, e l a stod y n a m i c  i n vest i g at i o n s i n  c i rcu l a r  s t r uc -
tu res h ave  been l im i ted to t h e  s tudy  o f  f ree  v i b ra t i o n  p roblem s . I n  
t h os e  i n vest i g a t i o n s  t he  g e n e ra l  a p p roach  wa s to u s e  t h e  t h eo ry of 
e l a st i c i ty to s et u p  a homog e n eou s system of eq u at i o n s fo r st res ses  
a n d  d i s p l acemen ts . I n  o rd e r  fo r a system of homoge n eo u·s eq u at i o n s  
to h a v e  n o n -t r i v i a l  so l u t i on s, i t  i s  req u i red t h at t h e  d eterm i n a nt of 
i t s  coeff i c i e n t  matr i x be eq u a l to z e ro .  A s weep i n g proced u re wa s 
emp l oyed to f i n d  th e f reque n c i es at wh i c h  t h e  coeff i c i e n t  d eterm i n a n t 
va n i s h ed . T h es e  f req u e n c i es rep resen ted t h e  n a tu ra l  f requen c i es of 
t h e  s ystem . 
S i n ce most of t h e  _e n g i n ee r i n g  s ys tems  a re s u bjected to 
fo rced  v i b rat i o n s  rath e r  t h a n  f ree v i b rat i on s, t h i s  i n v es t i g at i on  i s  
so l e l y  con ce rn ed w i th  t h e  so l  u t i  o n  of a fo rced v i b rat i on· p rob l em .  
T h e  g en e ra l  t h ree-d imen s i o n a l  t h eo ry of e l a s t i c i ty i s  u s ed to obta i n  
•math emat i ca l  re l at i on s fo r stress  a n d  d i s p l acement s . 
T h e  govern i n g  eq u a tion s  of mot i on  i n  te rms  of vo l u met r i c  
st ra i n  a n d th ree e l a st i c  rotat i o n s  fo r a h omoge n eou s , isot rop i c  e l a st i c  
med ium a re d e r i v ed i n  c h a pte r two . T h ese  gove r n i n g eq uat i o n s a re 
d e r i ved  f rom t h e  eq u i l i b r i u m a n d  compat i b i l i ty re l a t i o n s ba s ed on t h e  
th eo ry o f  e l a st i c i ty .  S i n ce t h e  p re sent  i n ve st i g at i o n· i s  con ce rn ed . 
w i t h  t h e  v i b ra t io n s  of e l a st i c  cy l i n d e rs, t h e  a fo rem e n t i o n ed eq ua t i o n s  
a re d e r i ved  u s i n g cy l i n d r i ca l  coo rd i n ates ( r, 8 a n d  z) . 
After  s at i s fy i n g  t h e  bou n d a ry con d i t i o n s of a ho l l ow 
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F u rth e rmo re , a compa r i son  is  made  between t h e  n atu ra l 
f req u e n cy facto rs obta i n ed by G a z i s ( 1 959 )  a n d t h e  res on a nt f re ­
q u e n cy facto rs  com p uted i n  this i n vestigation . A s  s hown i n  Tab l es 
4 . 1 to 4 . 25, t h e  two a pp roa ches ag ree v e ry c l o s e l y  fo r s ma l l  va l u es 
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of H/L .  Howeve r, t h ey g i ve v e ry d i ffe rent  v a l u es for  t h e  f u n damen ­
ta l f req u en cy when  H /L i s  g reate r t h a n  0 . 50 .  
cy l i n d e r  s u bjected to a n  h a rmonic e xte rn a l  e xc i t a t i o n ,  a system of 
non - homog e n eo u s  l i n ea r eq u ation s  fo r s t re s s es a n d  d i s p l a cemen ts i s  
obtai n ed . T his  s ystem of eq u ation s  ca n be so l ved fo r t h e  st res se s  
a nd d i s p l a cements  fo r a w i d e  ra nge of e x c it i n g  f req u e n c i es . By  
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obs e rv i ng w h i ch e x c i ti n g  f req u e n cies p roduce t h e  h i g h e st  amp lit u d es 
fo r s t res s es a n d  dis p l a cements t he  reson a nt f req u e n cies  ca n be  esta b ­
l i s h ed .  Si n ce reso n a n ce occu r s  when  t h e  natu ra l  f requen cy of t h e  
system i s  eq u a l  to t h e  e x c i t i n g  f req u e n cy ,  t h e  n at u ra l  f req u e n cies of 
t h e  system ca n be dete rmi n ed . 
T h e  c h o i ce of a h a rmonic fo rm of e x citat i o n  ca n be j u st i fied 
by th e fact t h at t h e  so l ut i o n  of th i s  type of prob l em a l l ows th e u s e of 
a sweep i n g p roced u re fo r t h e  comp utat i o n  of t h e  reson a n t f req u en ­
cies . F u rth e rmo re , i n  p ra ctica l a pp l i cation s ,  a g e n e ra l  p e riodic d i s ­
t u rba n ce o r  even  a si n g l e  p_ u l s e distu rba n ce ca n b e  mode l ed b y  a 
s upe rpos i tion of a s e ries  of h a rmon i c  e x c i tat i o n s ( Fo u r i e r  A n a l y sis ) .  
I n  th i s  i nvestigation ,  a wide ra n g e  of t h i c k n es s  modes  i s  
stu died; d es i g n  c h a rts fo r com p u t i n g  n atu ra l f req u en c i es fo r a w i d e  
ra nge of th ic kn e s s  ratio ( H/ R )  a s  we l l  a� fo r diffe rent ratios of 
th i c k n es s  to l e ngth of cy l i n d e r. ( H/ L )  a re p rov i d ed fo r a x i s ymmet r i c  
vib ra t i on , rig i d  body mot i on  a n d  the  f i rst th ree l oba r rnodes . 
Mo reove r ,  t h e  va riat i o n  of t h e  fi rst reson a nt f requency w i t h  res p ect 
to Po i s son' s  ratio wa s a n a lyzed at f i ve diffe rent  n u mbers  of ci rcum ­
fe ren tia l wa ves fo r a typica l 
.
thic k n es s  rat io  a n d  s eve ra l  l e ngth ' s  
ratio . I n  a d d i t i o n , t h e  effect of st ruct u ra l  d a mp i n g i n  t h e  dis p l ace-
ments  a m p litu d e  was  st u died at t h e  fi rst  reso n a nt  f req u e ncy fo r a 
typica l cy li n de r ' s g eomet ry . 
C H A PT E R  TWO 
EQU AT I O N S  O F  MOT I O N I N  CY L I N D R I CA L  C OO R D I N AT E S  
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T h e  mai n  p u rpose  of thi s  c h a pte r is  to d e rive  th e gove rni n g  
eq u ation s  fo r st res s e s , s t rai n s ,  e l a stic rotation s  a n d  dis p l acements 
fo r a homog e n eo u s , i s ot ropic e l a stic medi u m . T h es e  re l atio n s  a re 
d e rived f rom th e eq ui lib riu m  a n d  compata bi lity eq u a tion s ba sed on  t h e  
T h eo ry of E l a sticity . T h e  math emat i ca l re l atio n s  d e rived i n  th i s  
c h a pte r wi l l  b e  u sed  i n  t h e  comi n g  ch apte rs to p re s e nt a math ematica l 
mode l  to th e p ro b l em st u died i n  this  i n vestigation . 
�-1 State of S t re s s es fo r a n  I n finitesima l E l ement  
The  s ta te o f  s t res s es fo r an  i n finitesima l  e l ement  i n  cy li n� rica l coo r -
di n ates  i s  s hown i n  Fig u re 2 . 1 . I n  Fig u re 2 . 1, o . .  rep re se nts  a II 
di rect s t re s s  a lo n g  coo rdi n3te ·i, a n d T • •  i n dicates a s h ea r  s t re s s  IJ 
a lo n g  coo rdi n ate j a n d  perpe n dicu l a r  to coo rdi n ate i .  T h e  symbo l s  
o r ,  o z  a n d 5 8  rep re sent  t h e  l e n g t h s  of t h e  i n fi nite sima l e l ement  i n  t h e  
di rection s  of r ,  z a n d  e. T h e  dis p l a ceme nts  i n  t h e  r ,  e, z di rection 
a re rep res ented by u ,  v a n d  w res pective l y . 
) 
S1-r 
Fig ure 2.1 State of s t re s s es for a n  i n f i n i tes imal e l ement  
i n  cy li n d rical coo rd i n a tes 
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T h e  p rime notat i on  fo r o a n d  :r a re given  by t h e  fo l l owin g  eq u atio n s : 
' = + (ao /ar)or CJ CJ r r  r r  r r  
' = + (ao88/a8)o8 CJ 88 088 
I = CJ + (ao /az)oz CJ zz zz zz 
I = + (ar /az)oz T t z r  z r  z r  
I = + (a-r /ar)or ( 2 . 1 )  "[ t rz rz rz 
1' 8z 
= 18z 
+ (a't9z/a8)o8 
' = + (a-rz8/az)oz "[ z8 '[ z8 
' = + (a-rr9/ar)or '[ r 9  '[ r8 
-
' = '[ + (at9r/ae)o8 t ar 9 r  
A s  s h ow n  i n  Fig u re 2 . 1 ,  n i n e stres s compon ent s  a re 
req ui red to s pecify t h e  state of s t re s s es of a n  i n fi nite sima l e l ement . 
I n  t h e  abs e n ce of body o r  s u rface cou p l e s  th e eq ui l i b ri u m  of moments 
fo r t h e  i n fi n i te sima l vo l ume e l ement  yie l d s : 
"[ = '[ z r  rz 
H e n ce ,  u n d e r  t h es e  con dit io n s  on l y  six stres s com po n ent s  a re n eeded . 
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to s pec i fy t h e  state of s t re s s es of a n  i n f i n i tes i ma l  · e l ement . 
2 . 2  Eq u i l i b r i u m  Eq u at i on s i n  Te rms  of S t re s s e s  
I t  i s  u n de rs tood t h a t  t h e  s t re s s compo n e nt s  o f  t h e  e l ement  
s hown i n  f i g u re 2 . ·1  va r i es f rom one  po i n t  to  a not h e r  i n  the  e l ement . 
T h es e  c h a n g e s  i n  s t re s s es a re g i ven  by eq u at i o n s 2 . 1 .  F u rt h e rmo re, 
accord i n g to N ewton ' s  l aws  of mot i on  o n e  eq u i l i b r i u m  eq u a t i on  ca n be 
w r i tten i n  each d i rect i o n  of  th e cy l i n d r i ca l  coo rd i n ates . I n  a d d i t i o n  
to t h e  s t re s s e s  s hown i n  f i g u re 2 . 1 ,  body fo rces a ct i n g  th ro u g hout  
t he  e l emen t  n eed to  be con s i d e red . H e n ce, F r ' F 9 a n d  F z a re 
i n t rod u ced to be  t h e  body fo rces pe r u n i t vo l u m e  i n  t h e · r ,  9 , a n d  z 
d i rect i on s .  Refe r r i n g  to f i g u re 2 . 1 , s u mmat i o n  of t h e  fo rces a ct i n g  
i n t h e  r , 8 a n d z d i rect i o n  s- res u I t s  i n : 
ao  d '!  r e d '!  0 
- 0 9 9  r r  + + rz + r r  + F = 
a r r a e az  r r 
a t r S  a o e e  a 1 9 z 2T r 8  + + + . + 
a r r a e az  r 
a -r  a t S z a o  '! rz + + zz + rz + 
a r r a e a z  r 
0 ( 2 . 2a) 
F e 
= 0 ( 2 . 2b) 
F 0 = z ( 2 . 2c )  
A deta i l ed d e r iva t i on  of  the  a bove t h ree eq u a t i o n s  ca n be  
fou n d  i n  c l a s s i ca l  p u b l i cat i o n s  on  the  T h eo ry of E l a st i c i ty s u ch a s  
Southwe l l ( 1 944) ,  Fo rd ( 1 963 ) and  Love ( 1 944 ) . 
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2 . 3  S t res s - St ra i n  R e l a t i on s 
Fo r a h omog e n eo u s  a n d i sot rop i c  mate r i a l  - a mate r i a l  h a v -
i n g  t h e  s ame p rope rt i es i n  a l l  d i rect i o n s - H oo ke ' s  l aw c a n be stated 
a s : 
0 v ( o e e  
+ 0 ) = EE  r r  zz  rr  
0 8 6 
- v ( o + 0 ) = EE e e  r r  zz 
0 v ( o e e  
+ 0 r r ) 
= EE  zz  zz  
'[ = G o
re r 6 
'[ = G o  rz rz 
'r e z  
= G oe z  
w h e re :  
E = You n g ' s  mod u l u s  of e l a st ic i ty 
E 
G = s h ea r mod u l u s  of e l a s t i c i ty 
2 ( 1 +v )  
\) = Po i s so n ' s  rat io  
o . .  = s h ea r s t ra i n  a l o n g  j a n d perpe n d i c u l a r to  i IJ 
E r r ' E 8 8 , E zz  
= s t ra i n s  i n  t h e  d i rect io n s  of r ,  e a n d  z 
(2 . 3a )  
( 2 . 3 b ) 
( 2 . 3c )  
( 2 . 4a )  
( 2 .  4b ) 
( 2 . 4c )  
( 2 . 5a )  
Lame ' s e l a st i c  con sta n t  a n d  vo l u met r i c  s tra i n  a re i n t rod u ced to b e : · 
v E  
:A = ( La me ' s  con sta n t )  ( 2 . 5b )  
( 1 -2v ) ( 1 +v ) 
E = E + E + E r r  88 zz ( vo l u m et r i c  s t ra i n )  
Add i n g eq u at io n s  2 . 3a , 2 . 3b a n d 2 . 3 c g i ves : 
E E = ( 1 -
EE / ( 1 - 2v )  
F rom eq u at ion  2 . 3a 
2v ) ( o  + r r  088 
= 0 r r  + 0 
+ 
88 
( 0 - E E  ) r r  r r  
\) 
+ 0 ) zz 
0 ;; zz 
( l 
(' 
..... 
l 
"' 
J � r EE  0 EE  rr  r r  ' ,/ \....__., 
T h en 
a n d  f rom 
1 - 2v 
v E E  
1 -2v 
0 = r r  
eq u at io n s  
= 0 r r  
= ( 1  
+ --
\) 
+ v } o -r r  
vE E 
+ 
-
( 1 - 2v ) ( 1 +v )  · 
2 . 5a a n d  2 . 5b 
0 = AE + 2G E r r  r r  
v 
J ·  
(' l 
EE  rr  
(' 
EE  r r r  
1 +v 
' 
c c  
2 1  
( 2 . 5c )  
( 2 . 6a )  
U s i n g t h e  s a me p roced u re outl i n ed a bove g i ves : 
0 = A E  + 2G E z z  zz 
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( 2 . 6b )  
(2 . 6c)  
A l so ,  the s h ea r  s t re s s e s i n  te rm s  of  s h ea r s t ra i n s  a re g i ven  by eq u a -
t io n s  2 . 4  a s : 
'( = G o  r 8  r 8  ( 2 . 6d )  
'( = G o  rz rz ( 2 . 6e)  
t 8 z  
= G o8z ( 2 . 6f )  
Eq u at i o n s 2 . 6  rep re sen t  the th ree d ime n s io n a l  H oo ke ' s  Law . 
2 . 4  St ra i n s  i n  Te rm s  of D i spl a cemen ts 
S i n ce s t ra i n s  g e n e ra l l y va ry f rom po i n t to po i n t ,  i t s  math e-
mat i ca l d ef i n i t i o n  m u st co r re s po n d  to an  i n f i n i te s i m a l  e l em e n t . D u r i n g  
s t ra i n i n g eve ry po i n t  e x p e r i e n ces  s ma l l  d i sp l a cement s  i n  th ree d i rec-
t i o n s . A s  s how n  i n  f i g u re 2 . 2 ,  A i s  a po i n t  w i t h  coo rd i n ates ( r , z ,  
8 )  a n d  F i s  a po i nt h av i n g coo rd i n a tes . ( r  + o r , z + o z ,  8 + o 8) ,  
w h e re o r ,  o z  a n d  o 8  a re i n f i n i tes i m a l c h a nges  i n  r ,  z a n d  8 .  Wh e n  
s ma l l  s t ra i n s · a re a p p l i ed t o  th e bod y ,  t h e  vo l u m e  e l eme n t  i s  d i s p l a ced 
a n d  i t s  s h a pe i s  d i s to rted a s  s hown i n  F i g u re 2 . 3  b e l ow .  I n  F i g u re 
2 . 3  t h e  n ew pos i t i on s of po i nts A ,  B ,  C, D ,  E ,  F ,  G ,  H a re rep re-
s e n ted  by t h e  p r i me notat i on . 
G 
I 
I 
I 
/L -
8 -
- 'I>  
c 
F i g u re 2 . 2  I n f i n i tes i ma l  e l ement  i n  cy l i n d r i ca l  coo r,d i n ates  
F i g u re 2 . 3 D i sto rted i n f i n i tes i ma l  e l ement  d u e to  s t ra i n i n g  
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S i n ce t h e  e l ement  u n d e r  con s i de ra t i on  i s  . a s s u med to be  
i nf i n i te s i ma l l y s ma l l , s u bj ected to  sma l l  st ra i n s , t he  s eg m e n ts A B , 
C D ,  E F  a n d  G H  i n  F i g u re 2 . 3  ca n be ta ken  a s  s t ra i g h t l i n es w i t hout 
s i g n i f i ca nt l os s i n  t h e  a n a l ys i s . Not i c i n g  t h at i n  g en e ra l  t h e  d i s p l ac -
memts o f  F to  F '  a r �  u + o u ,. v �· o v  and  w + ow , t he  h o r i zonta l  p l a n e  
A C D B  a n d  t h e  d i s to rted p l a n e  A ' C ' D ' B '  ca n be s hown a s  i n  F i g u re 
2 . 4  be l ow . 
--
o<- � -.......;: 
--
----...-
-:::-- )_ _>(r 
--
............ 
' ) 
:D 
F i g u re 2 . 4  D i s to rted h o r i zonta l p l a n e  A ' C '  D '  B '  d u e  to 
s t ra i n i n g  of a n  i n f i n i te s i m a l e l ement  
I n  o rd e r  to  f i n d  t he  rad i a l  s t ra i n ;  i t  i s  s u ff i c i e n t  to con -
s i d e r  t h e  s t ra i n  i n  t h e  i n f i n i tes i ma l  l en gt h  A C ,  i g n o r i n g t h e  effects of 
s t ra i n s  i n  t h e z d i rect i on . H e n ce ,  
a u  
o r  + -- o r  
A 2 C 2 - A C  a r  
£ = = r r  A C  o r  
- o r  � '  \ u 
a u  
£ = r r  a r  
S i m i l a r l y  t h e  c i rc u mfe ren t i a l  s t ra i n  i s  g i ve n  by : 
A ' B '  - A B  
A B  
w h e re :  A B  = r tS S  
a n d : A ' B '  = ( r  + u ) ( tS S + 
a v  
r a e  
5 9 )  
T h e  a n g l e  of a rc A ' B '  i s  i n c rea s ed by : 
tSv  
( r + u )  
a v  
= cS S  
r a e  
r tS S  + ( av/ a 9 ) 5 9  + u tS e  + ( u/ r ) ( av/ a S ) cS S  - r tS S  
1 
r 
rcS S 
a v  u u a v  
+ + 
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( 2 . 7a )  
I f  t he  l a st te rm i n  t h e  a bove eq u at i on  i s  n eg l ected , t h e c i rcu mfe re n -
t i a l  s t ra i n  ca n be w r i tten a s : 
1 
r 
a v  u 
+ 
a e  r 
( 2 . 7 b )  
T h e  st ra i n  i n  t h e  z d i rect ion  i s  g i ven  a s  i n  t h e  ca rte s i a n  coo rd i n ates , 
by t h e  e x p re s s i o n : 
E zz  = 
F rom f i g u re 2 . 4 ,  i t  ca n be s een  t h at : 
b u t  
a n g l e  C 1 A ' C 3  = a n g l e  AOA ' ::: 
a v  
b u t  C 1 C '  - -- o r  
a r  
a nd 
f i n a l l y :  
a v  v 
a n g l e  C 3 A ' C '  = - --
S im i l a r l y  
a r  r 
v 
r 
a n g l e  B 1 A ' B '  = ( B 1 B ' / r o 8 )  = ( 1 / r 6 8 ( a u / a 8 ) 6 8  = ( 1 / r ) ( a u/ a e) 
a n d  t h e  s h ea r  s t ra i n  ca n be w r itten a s : 
a v v 1 a u  
+ 
r r a s  
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( 2 . 7c )  
( 2 . 7d)  
To f i n d  t h e  s h ea r  s t ra i n  o B z ' t h e  ve rt i ca l p l a n es A B G H  a n d  
A ' B ' G ' H ' s h own i n  F i g u re 2 . 5  n eed to b e  con s i de red . 
1-
I 
F i g u re 2 .  5 
t; 
- -
1 
I 
I 
I 
I 
A, 
G ,  
G 
D i sto rted v e rt i ca l  p l a n e  A ' B ' G ' H '  d u e  to 
s t ra i n i n g of a n  i n f i n i te s i m a l  e l ement  
Not i c i n g  t h a t  t he  s h ea r  st ra i n  ( o9z ) i n  t h i s  p l a n e  i s  
rep res e n ted  b y  t h e  c h a n g e  f rom t h e  r i g ht  a n g l e  B A G  to t h e  n ew 
a n g l e  B ' AG '  r�s u l ts  i n : 
09 z = a n g l e  G 1 AG ' + a n g I e B 1 A ,
. B '  
a v  a w  
09z = -- o z  
+ 6 9 � \ e.. 
o z  a z r o e a e  
a v  aw 
09 z = + ( 2 . 7e )  a z r a e  
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S i m i l a r l y ,  refe r r i n g  to F i g u re 2 . 3 ,  t h e  s hea r  s t ra i n  � i s  fou n d rz  
by e x a m i n i n g  t h e  p l a n es G ACE  a nd · G ' A ' C ' E .  
� = a n g l e G 1 A ' G ' + C 1 A ' C '  rz 
� = rz 
a u  a w  
+ 
a z  a r  
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( 2 . 7f ) 
I n  s u mma ry ,  t h e  re l at i o n s between st ra i n s  a n d  d i s p l acements i n  cy l i n -
d r i ca l  coo rd i n ates a re :  
a u  
E = r r  · a r  
1 a v  u 
+ 
r a s  r 
E = zz  
� = S z  
a w  
a z  
1 
r 
a v  
a z  
a u  
+ 
a s  
1 
+ 
r 
a u  aw 
� rz = 
-- +  
a z  a r  
a v  v 
a r  r 
aw 
a s  
( 2 . 7a )  
( 2 . 7 b )  
( 2 . 7c )  
( 2 . 7d )  
( 2 . 7e)  
( 2 . 7f ) 
F u rt h e rmo re , t h e  rotat i o n s  com po n e n ts i n  t h e  cy l i nd r i ca l coo rd i n ates 
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a re g i ven  i n  Fo rd ( 1 963 ) a s : 
1 aw  av  
2w = -- - ( 2 . 8a )  r a s  a z  r 
a u  aw 
2w S = 
- - ( 2 . 8 b )  
a z  a r  
av  v 1 a u  
2w = + ( 2 . 8c )  z a r  a s  r r 
2 .  5 S t re s s es i n  T e rm s  of D i spl acements  
I n  the  p rev i o u s  s ect ion  1 eq u at i o n s r e l a t i n g  s t ra i n s  a nd d i s -
. p l a ceme n ts a lo n g  coo rd i n a tes r 1  S 1  z we re p re s e n ted . I n  t h j s  s ec-
t i o n l u s i n g  Hoo ke ' s  l aw ( eq u at io n s  2 . 6 ) 1  a n d  th e d ef i n i t i o n s of  
s t ra i n s  ( eq u at i o n s 2 .  7 )  I eq u at i on s re l at i n g  st res s e s  a n d  d i s p l acements  
a re d e r i ved . 
U s i n g eq u at io n s  2 . 6a a n d 2 . 7a t h e  d i rect s t re s s  i n  t h e  d i rect i on  of r 
ca n be w r i tten  a s : 
0 r r  
a u  
= A & + 2G -­
a r  
( 2 . 9a ) 
U s i n g eq u at i o n s 2 . 6b a n d 2 .  7b  g i ves t h e  d i rect s t re s s i n  t h e  d i rec-
t i o n  of S a s  : 
0 a e  = A E  + 
2G av u 
+ 2G 
r a a r 
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(2 . 9b)  
A l so ,  the d i rect st ress in  the  d i rect ion of z ca n be obta i n ed from 
eq u at io n s  2 . 6c a n d  2 . 7c a s : 
a = AE + 2G z z  
aw 
(2 . 9c)  
az  
Com b i n i ng eq u at ion s 2 . 6d ,  2 . 6e ,  2 . 6f with eq u at i on s 2 . 7d ,  2 . 7e and 
2 .  7f res pect ive l y ,  t h e  s h ea r stresses i n  te rms of  d i s p l aceme nts ca n be 
p resen ted as : 
a v  1 a u  _:_) T = G (- + -- -ra a r  r a e  r (2 . 9d ) 
( a u  
�) T = G - + rz az  a r  
( 2 . 9e) 
av 1 
� )  -r ez  = G (- + a z  r a a 
( 2 .  9f) 
Wh e re the vol u met r i c  stra i n  ( E )  i s  g i ven by : 
E : £ • E e e 
+ £ � � r r  zz 
c:f '  
a u  1 av  u aw 
E : + + + ( 2 . 1 0 )  
a r  r a a r a z  
3 1  
2 . 6  Eq u at i on s of Mot i o n  
I n  t h i s  s ect i o n , by  com b i n i n g eq u at i o n s  2 . 2 , 2 . 8  a n d  2 . 9 ,  
t h e  eq uat i o n s  of mot i o n  a l o n g  t h e  cy l i n d r i ca l  coo rd i n a tes a re d e r i v ed 
i n  terms of e l a st i c  rotat i on s . I n  d e ri v i n g  the  s et of eq u at i o n s 2 . 2 ,  
t h e  g e n e ra l  body fo rces pe r u n i t vo l u me i n  t h e d i rect i o n  of t h e  
cy l i n d r i ca l  coo rd i n ates r ,  a ,  z were i n t rod u ced a s  F , F a a nd F . r z 
I n  g e n e r a l  t h e  te rm body fo rces ca n refe r to g ra v i ta t i on a l , . mag n et i c  
a n d  i n e rt i a l  fo rces . I n  th i s  i n vest i gat ion , o n l y  th e i n e rt i a l  fo rces a re 
con s i d e red . H e n ce ,  t h e  body fo rces become : 
a 2 u 
F = - p --r a t 2 
a 2 v  
F a 
= - p --
at 2 
a 2 w  
F = - p --z at 2 
( 2 . 1 1 a )  
( 2 . 1 1 b ) 
( 2 . 1 1 c ) 
w h e re p = i s  t h e mas s d e n s i ty of a n  i sot rop i c
. 
a nd h omog e n eo u s  
mate r i a l . 
D i ffe ren t i a t i n g  eq u at i o n s 2 . 9a th rou g ht 2 . 1 0 res u l ts  i n : 
ao  rr 
a r 
= A. + 2G 
a r  
( 2 . 1 2a )  
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a '[ re  G ( a 2 v 1 a 2 u �) = + - -
a e  a r a e  r a e 2 r a e  
( 2 . 1 2b )  
a '[  a 2 u a 2w ) rz = G ( - + 
az az 2 a r az 
( 2 . 1 2c) 
1 av a u  u 
= --- + + - - +  (2 . 1 2d )  
a r  r a r e a  a a a r  a r a z  
Com b i n i n g eq u at i on s 2 . 1 2 ,  2 .  1 1 a with eq u at i o n s  2 . 2a ,  2 . 9a a n d  2 . 9 b 
g i ves : 
a &  a 2 u 
A- + 2G (- + 
a r  a r2 
1 1 a v  
2 r  .a r a a  
T h e  a bove ex p res s i on ca n b e  f u rther s i mp l i f i ed b y  u s i n g eq u ation 
2 .  1 2d : 
a &  a E  
A- + 2G (_;__ 
a r  a r  
1 
+ 
/ 
2 r  a r a e 
+ 
a r az 2 
1 a v  
a a 
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o r  
a e:  B 
= ( A  + 2G ) - + 2G ( A  + -) ( 2 . 1 3 )  
a r  r 
Wh e re : 
a 2 u a 2 w  
� G.  2A = 
a z 2 a r a z  
a 2 v 1 a v  a 2 u  ? J
17 
2 B  = - + 
a r a e r a e r a e 2  
D i ffe ren t i at i n g  eq u at i o n s  2 . 8b a n d  2 . 8c :  
a w 8 a 2 u  a 2 w q ' � � 2- = -- - r 
a z  a z 2 a r a z  
� � a w  a 2 v a v  a 2 u  � '  2--.!.... = + 
a s  a r a e r a e r a e 2  
Compa r i n g  t h e  a bove two e x p res s io n s  w i th  t h e  e x p res s io n s  fo r A a n d 
B g i ves : 
A = a w 8/ a z 
� (_  
a n d  
1 
J 
B = - a w  / a s  z 
T h e  eq u at i on  of mot i on  i n  t h e  rad i a l  d i rect i on  ( 2 . 1 3 ) ca n be  w r i tte n 
a s : 
a 2 u 
= 
a t 2 
Whe re 
v 1 2 = 
v2 2 = 
d E  
v 1 2 - -
a r  
>.. +2G 
p 
G 
p 
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2V2
2 a w  a we z + 2V2 2 ( 2 . 1 4 )  
r a e  a z  
v e l oc i ty of p ropagat ion  of d i l ata t i o n a l  waves  0 _ \ L\ 
<:; 
v e l oc i ty of p ropagat i on  of d i s to rt i on a l  waves  
\,\ \? 1 ·  
T h e  eq ua t i o n  of mot i on i n  t h e  e d i rect i o n  c a n  be de r i ved 
u s i n g a p roced u re s i m i l a r  to t h e  one  ou t l i n ed a bove . Eq u at i on s 2 . 9d ,  
2 . 9b ,  2 . 9f a n d  2 . 1 0 g i ve : 
d !  r 8  a
2 v 1 a 2 u a u  a v  v 
= G ( -- + - -- - -- � -) ( 2 . 1 5a )  
a r · a r 2 r a r a e  r 2 a e  r a r  r 2 
a a e e  d E  2G a 2 v 2G a u  = >.. + - - + ( 2 . 1 5b )  
a e  a e  r a e 2 r a e  
a r e z  a
2 v . 1 a 2 w 
= G (-- + ) ( 2 . 1 5c )  
a z  a z 2 r az a e  
d E  a 2 u 1 a 2 v a u  a 2 w 
= --- + + -- -- + ( 2 . 1 5d )  
a e  a r a e  r a e 2 r:- a e  a z a e  
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Comb i n i ng eq u at i o n s 2 . 1 5a a nd th ro u g h  2 . 1 5c a n d  2 . 1 1 b  w i th  2 . 2b 
g i ves : 
a 2 v A d E  2 G  · a 2 v a u  r a 2 v 
p - = + ( + + 
at 2 r a s  r r a S 2 r a s  2 a r 2 
1 a 2 u 1 a u  v r a 2 v 
+ - -- + + 
2 a r a s  2 r  a s  2 r  2 a z 2 
a 2w a v a u  v 
+ + + - -- -
-) 
2 a z a s  2 a r  r a s  r 
U s i n g eq u at i on  2 . 1 5d 
a 2 v A a E 2G a E a 2 u 1 a 2w 
p -- = + ( -·-
at 2 r a s  r a s  2 a r a s  2 a z a s  
r a 2 v a u  v r a 2 v av 
+ + -- - + - -- + 
� ) 
2 a r 2 2 r  a s  2 r  2 a z 2 2 a r  
a 2 v ( A  + 2G ) d E  a 2 u 
p - = + 2G ( -
at 2 r a s  2 r  a r a A  
a 2w a 2 v a u  
- -- + -- --- + 
2 r  a z a s  2 a r 2 2 r 2 a s  
a 2 v v ' 1 a v 
+ - -- + 
- ) ( 2 . 1 6 ) 
2 a z 2 2 r 2 2 r  a r  
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F rom eq u at i on s 2 . 8a a n d  2 . 8c :  
a w  a 2 v  a v v a 2 u 1 a u 
2__.,!_ = + - -- - + 
a r  a r 2 r a r  r 2 r a r a a  r 2 a a 
a w  a 2 w a 2 v  
2 --r- = - --
a z  r a z a a  az 2 
U s i n g  t he  a bove two ex p re s s i on s ,  eq u at i on 2 . 1 6  ca n be w r i tten a s : 
a 2 v  v l 2  d E  a w  a w  
= + 2V 2 2 
z 
- 2V2 2 
r ( 2 . 1 7 ) 
at 2 r a a a r  a z  
Eq u at i o n s  2 .  9 e , 2 .  9f ' 2 . 9c a n d  2 . 1 0  y i e l d : 
a t a 2 u  a 2 w  rz = G ( + -- ) ( 2 . 1 8a )  
a r  a r a z  a r 2 
a t a z  a 2 v  1 a
2 w  
- = G ( + - ) ( 2 . 1 8b )  
a a a z a a  r a a 2 
a o  d E  a 2 w  z z  = A + 2G (2 . 1 8c )  
a z  a z  a z 2 
d E  a 2 u  a 2 v  a 2 w  a u 
= + + + ( 2 . 1 8d )  
a z a r a z  r a z a a  a z 2 r a z  
Com b i n i n g eq u at i o n s 2 . 1 8a ,  2 . 1 8b ,  2 . 1 8c ,  2 . 9e a n d  2 . 1  l c  w i t h  eq u a -
t i on  2 . 2c res u l t s  i n : 
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a 2w d £  1 a 2 u 1 a 2w 
p ·-- = A -- + 2G (- + 
a t 2 a z  2 a r a z  2 a r 2 
1 a 2 v 1 a 2 w a 2 w 
+ + + 
2 r  a z a e  2 r 2 a e 2 a z 2 
1 a u  . aw 
+ + - ) ( 2 . 1 8e )  
2 r  a z  2 r  a r  
U s i n g eq u a t i o n  2 .  1 8d t h e  te rm i n s i d e  t h e  pa re n t h e s e s  i n  t h e  a bove 
e x p res s i o n  ca n be w r i tten  a s : 
d E  
2G (- -
a z  
+ 
2 
2 r  a z a e  2 r  
+ -
a u  aw 
+ 
a z  2 r  a r  
--- ) 
2 a r az 
U s i n g t h e  a bove e x p res s i on , eq u at i on  2 . 1 8e ca n b e  w r i tten  a s : 
d E  2G 
( A  + 2G ) -- + · -- ( -
1 
2 
1 
+ 
2 r  
az  r 
a u  
+ 
a z  2 
a 2 w r 
- -
a e 2 2 
aw 
+ 
a r  
a .2 u 
a r a z  
2 a z a e  
r a 2 w 
2 a r�  
) ( 2 .  1 8f )  
F rom eq u a t i on s 2 . 8a a n d  2 . 8b :  . 
aw  
2 --r- = 
a s  
a z a r  
aw 
+ -- -
. a z  a r  
a n d  eq u at i o n  2 . 1 8f ca n be f i n a l l y w r i tten  a s : 
a 2w a &  2V2 2 aw  2V2 2 a ( rw a ) = V 1 2 + r - -
a t 2 a z  r a s  r a r  
I n  s umma ry , t h e  eq u at i o n s of mot i o n  i n  cy l i n d r i ca l  
te rms of e l a st i c  rota t i o n s a n d  d i s p l acements a re :  
a 2 u d £ 2V2 2 awz- a we = V l 2 - - + 2V2 2 
at 2 a r  r a s  a z  
a 2 v V l 2 d E  a w  a w  
= + 2V2 2 
z - 2V2 2 
r 
-
at 2 r a s  a r  a z  
a 2 w d E  2V2 2 aw 2V2 2 a ( rw 8 ) = V l 2 + r -- -
at 2 a z  r a s  r a r  
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coo rd i n ates  i n  
( 2 . 1· 9 a ) 
( 2 . 1 9 b ) 
( 2 . 1 9c )  
C H A PT E R  T H R E E  
FO R C ED V I B RAT I O N S  O F  C I R C U LA R  CY L I N D E R S  
T h e  p u rpose  of t h i s  c h a pte r i s  to s t u d y  t h e  fo rced v i b ra -
t i o n s of a n  i n f i n i te l y  l o ng  c i rc u l a r cy l i n d e r . I n  o rd e r  to s t u d y  t h e  
v i b ra t i on s o f  t h e  i s ot rop i c  e l a st i c  cy l i n d e r  s how n i n  F i g u re 3 . 1 ,  t h e  
gov e rn i n g eq u at i o n s de scr i bed i n  t h e  p rev i o u s c h a pte r a re emp loyed . 
T h e  t h ree eq u at i o n s of mot i on  ( eq s  2 . 1 9 ) a re com b i n ed i n  s u ch  a way 
that  fo u r  B e s s e l  d i ffe ren t i a l  eq u at i o n s  a re obta i n ed .  T h e  g e n e ra l  
t h eo ry of Bes s e l  f u n ct i o n s  i s  u s ed to so l ve t h e s e  d i ffe re n t i a l  eq u a -
t i o n s fo r t h e  vo l u m et r i c  s t ra i n  a n d  t h e  th ree e l a s t i c  rota t i o n s . T h e  
eq u at i o n s re l a t i n g  d i s p l acement s  a n d rota t i on s a re u s ed to obta i n  t h e  
d i s p l acemen ts . O n ce t h e  d i s p l acemen ts a re fo u n d ,  t h e  s i x  s t re s s  
-
compon e n ts fo r a n y  po i nt i n  t h e  cy l i n de r  ca n be  obta i n ed .  H en ce , . 
s i x  eq u at i o n s fo r s t res s es a n d  t h ree eq u at io n s  fo r d i s p l a cement s  a re 
obta i n ed i n  te rms of Bes se l  f u n ct i o n s .  By  con s i de r i n g  a n  i n f i n i te l y  
l o ng  cy l i n d e r  s u bj ected to a n  h a rmo n i c e x c i ta t i o n , s i x  bou n d a ry 
s t res s es n eed to be  s at i sf i ed . By  s a t i sfy i n g  t h es e  s i x  bou n da ry con -
d i t i on s , t h e  s i x  s t res s es a n d  t h e  th ree d i s p l a cem e n ts a t  a n y  po i n t  i n  
a cy l i n d e r  ca n be comp u ted_ fo r a ny g i ve� e x c i t i n g  f req u en cy .  A s  i t  
t u rn s o u t ,  t he  n at u ra l f req u e n c i es fo r t h e  i sot ro p i c  cy l i n d e r  ca n be  
est i mated by oh s e rv i n g  t h e  va l u es  o f  e x c i t i n g  f req 'u e n cy w h i c h  
p rod u ce m a x i m u m  a m p l i t u des  fo r s t res s es a n d  d i s p l a cemen ts ( reso-:  
n a n ce cond i t i o n ) .  T h e  p roced u re s umma r i zed h e re i n i s  d e s c r i bed 
exte n s i ve l y  i n  the pages to fo l l ow . 
H 
F i g u re 3 . 1 
2 L  
D i me n s io n s  a n d  referen ce coo rd i n ates of a n  
i sot ropic  a nd e l ast ic  cyl i n der  
3 .  1 Sol ut ion of  Equ atio n s  of Motion 
40 
b · 
A s  men t ioned i n  the i ntrod u cto ry c h a pte r ,  a n d  a s  became 
ev ident u po n  e x a m i n i n g the eq u at ion s of motion . d e r i ved .i n  C h a pter 
Two , the study of v i b rat ion s of
. 
an  e last ic  so l i d amou nts to the sol u ­
tion of a wave p ropagat ion ·p roblem . Befo re attempti n g the  sol ut ion 
of th e eq u at io n s  of motion ( eq s . 2 .  1 9) ,  it i s  i mperat i ve to stu d y the 
types of waves  co n s i de red i n  th i s . i n vest i g a t i on . I n  eq u at i o n s 
4 1  
2 . 1 9 ,  t h e  pa ramete rs  v l a n d  v 2.  we re i n t rod u ced a s  t h e ve l oc i t i e s of 
· p ropagat i on  of t h e  d i l a tat i o n a l  a n d  d i sto rt i o n a l  wa ve  res pect i ve l y . 
Both of t he se  v e l oc i t i e s  ca n be def i n ed a rat i o  of t h e  d efo rma b i l i ty 
( e l a st i c i ty ) a n d i n e rt i a  ( de n s i ty )  of t h e  med i u m . Wh e rea s t h e  i n e rt i a  
of t he  med i u m res i s t s  t h e  mot i o n , t h e  e l a st i c i ty o f  t h e  med i u m s u s ­
ta i n s t h e  mot i o n . 
A s  s how n  i n  F i g u re 3 . 2 , d i l atat io n a l  ( a l s o ca l l ed l o n g i t u d i ­
n a l )  wa ves a re a x i a l l y symmet r i c ,  a n d  t h ey a re a s soc i a ted w i t h  d i s ­
p l a ceme nts  i n  t h e  rad i a l  a n d  a x i a l  d i rect i on s .  I n  t h i s  i n ve s t i g a t i o n , 
t h e  wa ve p ropa g at i o n  p ro b l em i s  s i mp l i f i ed by con s i d e r i n g  a n  i n f i ­
n i te ly  l o n g  med i u m i n  t h e  a x i a l  d i rect i o n  z ( i n f i n i te wave l e n gt h ) .  
Howeve r ,  t h e  tec h n i q u e emp l oyed h e re i n ca n be u s ed to obta i n  
a p p ro x i mate so l u t i o n s to t h e  wa ve p ropagat i on  p rob l em i n  a bou n ded 
e l a st i c  med i u m ( f i n i t e  l e n gt h  ho l l ow cy l i n d e r ) . I n  s ect i o n  3 . 1 . 2 ,  t h e  
pa ramete r  o i s  i n t rod u ced . S i n ce o i s  a f u n ct i o n  of t h e  cy l i n d e r  
l e n gt h  ( L ) ,  a f i n i t e  l e n g th cy l i n d e r  ca n b e  a p p ro x i mated b y  c h oos i n g 
t h e  a pp rop r i ate  va l u e fo r t h e  h e i g h t to l e n gth rat i o  ( H / L ) . 
A s  s hown i ·n F i g u res 3 . 3  th rou g h  3 .  7 ,  d i s to rt i o n a l  ( t ra n ­
svers e )  wa ves  a re a s soc i a ted w i t h  d i s p l a cements  i n  t h e  ta n ge n t i a l  
d i rect i on  e . I n  t h e  p res e n t  i n vest i ga t i o n , f i v e  d i ffe re n t  n u mbe rs of 
d i s to rt i o n a l  wav es a rou n d  t h e  c i rc umfe re n ce a re con s i d e red . I n  pa r­
t i c u l a r n = 0,  1 ,  2 ,  3 a n d  4 co r re s po n d s  to the a x i symmet r i c  mot i o n , 
r i g i d body mot i o n , f i r s t ,  s eco n d  a n d th i rd l ob a r mot i o n s  res pect i ve l y . 
F i g u re 3 .  2 
F i g u re 3 . 3 
/ 
....... / 
/' 
/ \ \ 
?/- - ..... /
/ \ 
/ / '  
/ \ 
a x i a l  
wa ves 
c i rcumfe re nt i a l 
waves 
Wave  p ropagat ion  i n  a cy l i n d e r  
A x i s ymmetr i·c v i b ra t i on  n = 0 .  
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F i g u re 3 . 4  R i g i d  body mot i on  n = 1 .  
F i g u re 3 .  5 N oda l po i n t s  fo r f i rst  loba r mode  n = 2 .  
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F i g u re 3 .  6 Nod a l  po i n ts  fo r seco n d  loba r mode n = 3 .  
F i g u re 3 . 7  Nod a I po i n ts fo r th i rd loba r mode n = 4 .  
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� · l · l Mod i f i ed Equ a t i o n s of Mot i on  
S i n ce t he  d y n a m i c  re s po n s e  of  a c i rcu l a r  cy l i n d e r  i s  gov-
e r n ed by t h e  eq u at i o n s of mot i on  ( eq s . 2 .  1 9 ) ,  t h e  v i b ra t i o n  a n a l y s i s  
of a cy l i n d e r  req u i re s  t h e  so l u t i on  of th ese pa rt i a l  d i ffe re n t i a l  eq u a -
t i o n s . H oweve r ,  beca u s e eq u a t io n s  2 . 1 9  do not a l l ow a d i rect so l u -
t i o n , t h ey m u s t b e  rew r i tten i n  a fo rm f rom wh i c h a g e n e ra l  so l u t i on  
ca n b e  obta i n ed .  I n  t h i s  s u b s ect i on , eq u at i on s 2 . 1 9 a re rew r i tten a s  
fou r  mod i f i ed eq u a t i o n s by a s s u m i n g  h a rmo n i c  d i s p l a ceme n ts . 
I f  h a rmon i c  d i s p l aceme nts  a re a s s u med , t h e  a cce l e ra t i o n  
compon ents  i n  eq u a t io n s  2 . 1 9  b ecome : 
a n d  eq u at i o n s  2 . 1 9  ca n be w r i tten  a s : 
1 
- p p 2 v = ( >.. + 2G ) ­
r 
a r 
a s  
- 2G 
aw z 
a s  a z  
a w  a w  
2G _r_ + 2G __£ 
a z  a r  
(3 . 1 )  
(3 . 2 ) 
a e:  
- p p 2 rw = ( A.  + 2G ) r-­
a z  a r 
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aw 
+ 2G --r- (3 . 3 ) 
a s  
Fou r i mpo rta n t  re l a t i o n s ca n b e  obta i n ed f rom eq u at i o n s 2 . 8  ( e l a st i c  
rotat i on s ) . T h es e  re l a t io n s  a re ve ry u sefu l i n  th e fo reg o i n g  d e r i va -
t i o n  a n d  t h ey a re g i ve n  b y  eq u at i o n s 3 . 4  be l ow :  
aw  r a w e a ( w  r )  r + + z = 0 (3 . 4a )  
a r  a s  a z  
a w  a w8 a w  + r + + z = 0 w r r -r a r a s  a z  
(3 . 4b ) 
a w  a 2 w a 2 w a 2 w r + r + 8 + z = 0 r r (3 . 4c )  
a s  a r a e a a 2 az a s  
a 2 w a 2 w a w  a 2 w r z = r + 8 - r - r (3 . 4d ) 
a r a B  a z a s  a s  a B 2 
D iffe ren t i a t i n g  eq u at i o n s  3 . 1 ,  3 . 2  a n d 3 . 3 w i th  res pect to r ,  8 ,  a n d z 
res pect i ve l y  res u l t s  i n : 
a ( ru )  
- p p 2 ( --- + 
a r  
a v  
a e  
+ 
a (wr )  ra 1 t  
--- ) = ( >.  + 2G ) ( -- + 
a z  a r 1  
awe a 2 w a - - - r --- + 
a z  a r az a e az a r a e  
a t  1. 
+ 
a r  r 
+ 
a 1 t  r a 1 t  
+ r--·- ) 
a e 1  a z 1  
T h e  e x p res s io n  i n  t h e  l a st pa ren t h es i s  ca n b e  s hown  to b e  eq u a l  to 
ze ro ,  a n d  eq u at i o n  3 . 5  ca n be f u rth e r  s i m p l i f i ed a s : 
(3 . 5 ) 
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a 2 e: d £ d 2 £ d 2 E 
r 2 + r + r 2 + + � 2 r 2 E = 0 (3 . 6 )  
a r 2 a r  az 2 a e 2 
w h e re :  
P P 2 
� 2 = (3 . 7 ) 
A. + 2G 
Eq u at i o n s 3 .  1 a n d  3 .  2 ca n be  rew r i tten  a s : 
a e:  a w  a w  
- p p 2 v r  = ( A.  + 2G ) 2G r r + 2G r z - (3 . 8a )  
a a a z a r  
d E  2G aw  a w e - p p 2 u = ( A.  + 2G ) z + 2G -- - (3 . 8b ) 
a r  r a e  a z 
S u b s t ra ct i n g  t h e  d e r i va t i ve of eq u at ion 3 . 8b w i t h  res p ect to 9 f rom 
t h e  d e r i va t i ve of eq u a t i o n  3 . 8a w i t h  res pect to r res u l t s  i n : 
a (  vr )  au  
= 2G ( - ) (3 . 8c ) 
a r  a e  r 
U s i n g  eq u at i on s 2 . 8c a n d  3 . 4a ,  eq u at ion  3 . 8c ca n be w r i tten  a s : 
+ r 
wh e re : 
G 
a w  z 
a r  
+ (3 . 9 ) 
(3 . 1 0 )  
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F rom eq u a t i o n s  3 . 2  a n d  3 . 3 :  
- p p·2 aw ( >.  + 2G ) a 2 E 2G a 2 ( rw 8 ) 2G a 2 w + r (3 . 1 1 a ) = - -
r a s  r a z a e r 2.  a r a e r 2 a a 2 
a v ( A  + 2G ) a 2 E a 2 w a 2 w 
- p p 2. - 2G 
r + 2G z (3 . 1 1 b )  = 
a z  r a z a e a z 2 a r a z  
S u bt ra ct i n g  3 . 1 1 b  f rom 3 . 1 1 a l e a d s  to : 
a w e r a 2 w a 2 w a 2 w a 2 w a 2 r 2 w = 
8 + r + r 2 r r 2 z - - -r a s  a r a e a e 2 a z 2 a r a z  
T h i s  e x p res s i on  ca n be s i m p l i f i ed by u s i n g re l a t i o n  3 . 4a a s : 
a w  a w  a 1 w aw a 2 w a aw 8 
a 2 r2 w + r_!_ + r_!_ + 
r 
+ 
r 2 ____!,_ r 2 z = Cot) - - r --
r r a r  a z  a e 2 - az 2 a r az  a r  a e  
A l so ,  f rom 3 . 4a :  
aw  a 
- r - ( 
a r  
) = 2 r 
a w  r + r --z- + r 2 
a r  a z  
Comb i n i ng t h e  a bove two eq u at i o n s res u l t s  i n : 
a 2 w a w  a 2 w a 2 w a w  
r 2 ----! + 3 r -.!:.  + ( a 2 r 2 + 1 ) w + 
r + r 2 r + 2 r  z 
a r 2 a r  · r a 8 2  a z 2 a z  
a r a z  
0 ( 3 . 1 2 ) 
U s i n g a p roced u re s i m i l a r to t h e  one  ou t l i n ed a bov e ,  a noth e r  re l a t i o n  
ca n be obta i n ed f rom eq u at i o n s 3 . 1 a nd  3 . 3 .  Eq u at i o n  3 . 1 3 be l ow i s  
obta i n ed by d i ffe ren t i a t i n g  eq u at i o n s 3 . 1 a n d  3 . 3  w i t h  res pect to z 
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a n d  r res p ect i v e l y  a n d  by u s i n g eq uat i o n s  3 . 4 .  
(3 . 1 3 )  r -
a r  
Eq u a t io n s  3 . 6 , 3 . 9 , 3 . 1 2 a n d 3 . 1 3 a re t h e  mod i f i ed eq u a t i o n s of 
mot ion  i n  terms  fou r e l a s t i c  f u nct i on s ( vo l u met r i c  s t ra i n , a n d  t h ree 
e l a st i c  rotat i on s ) . 
3 . 1 . 2  H a rmon i c  Mot i on  
I n  t h i s  s u b s ect i o n , by a s s u m i n g  h a rmon i c  so l u t i o n s ,  eq u a -
t io n s 3 . 6 , 3 . 9 , 3 . 1 2 , a n d  3 . 1 3 a re s epa rated i n to fou r  i n d e p e n d e n t  
B e s s e l  d i ffe ren t i a l  eq u at i o n s fo r t h e  vo l u met r i c  s t ra i n  ( t )  a n d t h e  
th ree · e l a s t i c  rotat i o n s  ( w  , w e a n d  w ) . T h e  so l u t i o n s t o  t h es e  r z 
fou r d i ffe re nt i a l  eq u at i o n s a re rea d i l y obta i n ed f rom t h e  t h eo ry of 
Bes se l  f u n ct i on s . 
T h e  so l u t i o n s to eq u at io n s  3 . 6 ,_ 3 . 9 ,  3 . 1 2  a n J  3 . 1 3  a re 
a s s u med to be of t h e  fo rm of eq u a t i o n s  3 . 1 4 ( Ach en ba c h , 1 973 : 239 ) . 
E = E cos ( n e )  cos ( pt + oz ) ( 3 . 1 4a )  r 
w = rl s i n ( n e )  s i n  ( pt + oz ) ( 3 . 1 4b )  r r 
w e 
= rze cos ( n e )  s i n  ( pt 
+ oz ) ( 3 . lAc )  
w = Q s i n ( n e )  cos ( pt + oz ) ( 3 . i 4d )  z z 
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I n  t h e  a bove eq u a t i on s ,  i t  i s  u n de rs tood t h at E , Q , Q
8
, Q a re r r z 
f u n �t i on s of r on ly . F u rt h e rmo re :  
p = c i  rcu I a  r f req u e n cy 
o = wa ve n u mb e r  i n  a x i a l  d i rect i o n  
n = n u mbe r o f  c i rc u mfe re nt i a l  wa ves 
U s i n g eq u at io n s 3 .  1 4a i n  eq u at i on  3 . 6  res u l t s  i n :  
+ r 
a E  r 
a r  
(3 . 1 5 ) 
S i m i l a r l y ,  by com b i n i n g eq u at i o n  3 .  1 4d w i t h  eq u a t i on  3 . 9  res u l t s  i n : 
+ r 
a Q 
z 
a r  
I n  t h e  a bove two eq u at i on s :  
(3 . 1 6 ) 
(3 . 1 7a )  
( 3 . 1 7 b )  
U s i n g eq ua t i o n  3 . 1 4b a n d 3 .  1 4d ,  eq u at i on  3 . 1 2  ca n be w r i tten  a s : 
+ r 
a r  
S im i l a r l y  eq u at i o n  3 . 1 3  ca n be w r i tten a s : 
+ 3 r  
a Q  r 
a r  
(3 . 1 8a )  
(3 . i 8b )  
Add i n g  eq uat io n s  3 . 1 8a a n d  3 . 1 8b y ie ld s :  
a 
r -
. a Q 
a r 
+ 2 r  � + Q r - Q8 - 2 rlQz + 2n Q r = 0 a r  
5 1  
(3 . 1 9 ) 
U s i n g eq u ation s 3 . 1 4b ,  3 .  1 4c ,  3 . 1 4d a lon g with  the i r a p p rop r i ate 
der ivat ives , eq uat ion  3 . 4a y i e l d s : 
aQ 
2 r  r = (3 . 20 )  
a r  
U s i ng eq u ation 3 . 2 1 , eq u at ion 3 . 1 9 becomes : 
+ r (3 . 2 1 ) 
a r  
S u btract i n g  eq u at ion  3 . 1 8b f rom 3 . 1 8a a n d  u s i n g  eq uat ion  3 . 20 g i ves : 
+ r (3 . 22 )  
a r  
Eq uat ion s 3 . 1 5 , 3 . 1 6 , 3 . 2 1 a n d  3 . 22 a re recog n i z·ed a s  B es s e l  eq u a -
tio n s  · w h i c h  so l u tio n s a re g i ven by : 
(3 . 23a ) 
(3 . 23b )  
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(3 . 23c )  
( 3 . 23d ) 
a n d  x 1 r = l x r l 
I n  eq u at i o n s 3 .  23 , Z a n d  W rep resen t  t h e  B e s s e l  f u n ct i o n  of o rd e r  n n 
n of t h e  f i rst  a n d  s econ d  k i nd (J  a n d Y ) ,  o r  t h e  mod i f i ed B es se l  n n 
f u n ct i o n s of o rd e r  n of  t h e  f i rst  a n d  s econ d  k i n d  ( I  a n d  K ) of n n 
t h e  a rg u ment  x r o r  'f r .  T h e  c h o i ce of t h e  a p p rop r i a te B e s s e l  f u n c -
t io n s  depe n d s  o n  w h et h e r  t h e  a rg u ment  i s  pos i t i ve o r  n eg a t i ve . I f  
t h e  a rg u ment  i s  pos i t i ve , J a n d Y a re u sed . O n  t h e  oth e r  h a n d ,  n n 
i f  t h e  a rg u ment  i s  n eg a t i v e ,  I a nd K a re u s ed .  n n 
Not i c i n g  t h at V 1  i s  a lways  g reater  t h a n  V2 , t h ree d i ffe rent  
f req u e n cy i n te rva l s  a re to be con s i d e red i n  s o l v i n g  eq u at i o n s 3 . 1 5 , 
3 . 1 6 , · 3 . 2 1 a n d  3 . 22 .  H en ce ,  t h ree d i ffe re nt  s ets of so l u t i o n s a re 
pos s i b l e .  I n  s u mma ry , t h es e  t h ree sets  a re :  
F req u e n cy I nt e rv a l  Bes s e l  fu n ct i on s 
J ( 'f 1 r ) , Y ( 'f 1 r )  , J ( X 1  r )  , Y ( x 1 r ) . 
l ( 'f 1 r ) , K ( 'f l r ) ,_ J ( x l r ) ,  Y C x 1 r )  
l ( 'f l r ) , K C 'f 1 r ) , l ( x l r ) ,  K C x 1 r )  
Ta b l e  3 . 1 B e s s e l  f u n ct i on s u sed at  th ree f req u e n cy i n te rv a l s  
S i n ce o n l y  t h ree eq u at i on s of mot i o n  ( e q s  2 . 1 9 ) gov e r n  t h e  
d y n a m i c  res pon s e  of a c i rc u l a r  cy l i n d e r ,  i t  ca n b e  s hown t h at a ny 
o n e  of t h e  t h ree pote n t i a l s  f 2 , f 3 a n d  f 4 i n  eq u at io n s  3 . 23 ca n be 
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s et to ze ro w i t h o u t  l o s s  of t h e  g e n e ra l i ty of t h e  so l u t i o n ( Ac h e n bach , 
1 973 : 239 ) . H en ce ,  f 3  ca n be s et eq ua l to zero by l ett i n g  
Q r 
= Q8 = f 4 . A n d  b y  u s i n g eq u a t io n s  3 . 23 ,  eq u at i o n s 3 . 1 4 ca n 
be w r i tten a s : 
E = - S 2 f 1 co s ( n 8 )  cos ( pt + az ) (3 . 24a ) 
2w = cx. 2 f 2 s i n ( n 8 )  cos ( pt + cx.z )  (3 . 24b ) z 
2w 8 
= - ex. 2 f 4 cos ( n a )  s i n  ( pt + az ) (3 . 24c ) 
2w = a 2 f 4 s i n ( n 8 )  s i n ( pt + cx.z ) (3 . 24d ) r 
F u rth e rmo re , by a s s u m i n g  that  a l l  d i s p l aceme nts a n d  s t res s e s  va ry 
s i n u so i d a l l y i n  p h a s e  at  t h e  s a me f req u e n cy ,  t h e  t i me d e pe n d e n ce ca n 
be om i tted f rom eq u at i o n s 3 .  24 , a n d  t h ey ca n be w r i tten a s : 
£ = - S 2 f 1 cos ( n 8 )  cos ( oz )  
2w = cx. 2f 1 s i n ( n 8 )  cos ( oz )  z 
2w = a 2 f 4 s i n ( n 8 ) cos ( oz )  r 
3 .  2 .  1 D i sp l acements Equ at i on s 
( 3 . 25a ) 
(3 . 25b ) 
( 3 . 25c ) 
( 3 . 25d ) 
I n  th i s  s ect i o n , u s i n g t h e  re l at i on s amo n g  s t re s s e s , d i s -
p l acements  a n d  e l a st i c  rotat i on s deve l oped i n  c h a pte r two a l o n g  w i t h  
eq u at ion s 3 . 25 ,  t he  eq u at i o n s fo r d i s p l acements a re d e r i v ed i n  te rms  
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of B e s s e l  f u n ct i o n s . F rom eq u at i on s 3 . 1 ,  3 . 2  a n d  3 . 3 ,  t h e  t h ree 
h a rmon i c  d i s p l aceme nts ca n be w r i tten a s : 
d E  2 a w  2 a w e = + z u - - -- (3 . 26a ) 
a :z  a r r cx 2 a e  cx 2 a z  
d E  2 a w  2 a w 
= z + r v - - -- (3 . 26b ) 
r S 2 a s  cx 2 a r  cx :z a z  
d E  2 a w 2 a ( rw 8 ) 
= r + w -- - (3 . 26c ) 
s 2 a z rcx 2 a e  rcx 2 a r 
U s i n g eq u at i o n s 3 . 25 a lo n g  w i t h  t he i r a p p rop r i a te de r i v a t i ves , eq u a -
t i o n s 3 . 26 ca n be  rew r i tten a s : 
u = { f ' 1 + ( n/ r ) f 2 + of 4 } cos ( n 9 )  cos_( oz )  ( 3 . 2 7 )  
v = { ( - n / r ) f 1  - f ' 2 + of 4 } s i n ( n 9 )  cos ( oz )  ( 3 . 28 )  
w = { - of 1 - f ' 4  - ( ( n + 1 ) / r ) ( f 4 / r ) } cos ( n 9 )  s i n ( oz )  ( 3 . 29 )  
B y  comb i n i n g t h e  a bove t h ree eq u at i o n s . w i th eq u at i o n s  3 . 23 ,  t h e  
th ree h a rmon i c  d i s p l acemen ts ca n be ex p res s ed a s : 
u = ETT A .  cos ( n 8 )  cos ( oz )  
= 1 , 2 6 (3 . 30 )  J J 
v = ET 8 . A .  s i n ( n 8 )  cos ( oz )  
= 1 , 2 6 (3 . 3 1 ) J J 
w = rT9 . A .  cos ( n 8 )  s i n  ( oz )  
= 1 , 2 6 (3 . 32 )  J J 
55 
3 . 2 . 2  St res s Eq u at i o n s 
E q u at i o n s 3 . 2 7 ,  3 . 28 a n d  3 . 29 ca n be comb i n ed w i t h  t h e  
s t res s - st ra i n  re l at io n s f rom t h e  t h eo ry of e l a st i c i ty to obta i n  th e 
s t res s es i n  te rms  of eq u at i o n s 3 . 23 .  Th ese  re l a t i o n s between  
s t res s es a n d  s t ra i n s  we re d e r i ved i n  C h a pte r Two ( eqs . 2 . 9 ) . 
H e nce ,  
0· = rT 1 . A .  cos ( n 8 ) cos ( oz )  
= 1 ' 2  . . .  6 r r  J J 
08 8  
= rT
2
. A .  cos ( n 8 )  cos ( oz )  = 1 1 2  • • • 6 
J J 
0 = r T  
3
. A .  cos ( n 8 )  cos ( oz )  = 1 ' 2  . . .  6 zz  J J 
1: = T
4
. A .  s i n ( n 8 )  cos ( oz )  = 1 , 2 . . .  6 r 8  J J 
1: = rT 
5
. A .  cos ( n 8 )  s i n ( oz )  = r, 2  . . .  6 rz . J J 
t 8 z  
= rT
6
. A .  s i n ( n 8 ) s i n  ( oz )  = 1 , 2  . . .  6 J J 
I n  eq u at i o n s 3 . 30 t h rou g h  3 . 38 ,  A .  i s  a con s ta n t  of 
J 
( 3 . 33 )  
( 3 . 34 )  
( 3 . 3 5 )  
( 3 . 3 6 )  
( 3 . 3 7 )  
(3 . 38 )  
i n teg rat ion  depen d i n g on  t h e  bou n da ry con d i t i on s .  T h e  ex p re s s i o n s 
fo r T . .  I J 
T 1 1 = 
T 1 2 = 
T 1 3 = 
a re g i ve n  b e l ow : 
2G'f 1 2 Z " C 'f 1 r )  n >. ( 'f
2 
2G n 
( -) { x l Z ' C x 1 r )  n r 
2G ox 1 Z ' n + 1 C x 1 r )  
+ o2 ) Z  ( 'f r )  n 
z ( x 1 r )  . n 
} 
r 
T 2 2  
T 2 3 
T 3 1 
T 3 2 
T 3 3 
T 4 1  
T 4 2 
T 4 3 
T s 1 
T s 2 
= 
= 
= 
= 
= 
= 
= 
= 
= 
2G 'f\ 2G n 2 
--- } Z n ( 'f\
r)  
r 2 
2G n Z C x 1 r ) 
-- { 
n 
x 1 Z ' C x 1 r ) } - n 
r r 
2G C' ( n + 1 )  
{ } Z n + l ( x .L r )  r 
- { ). ( 'f' 2 + o 2 ) + 2G o 2 } Z  ('f\r) n 
T 3 s = 0 
n + 1 
- 2 G o { - z
n + l ( x l r )  
+ x 1 Z ' n + l  C x 1 r ) } 
r 
2 G n . Z ( 'f' 1 r )  n - - - - - ( - - - ·- -· - -. -· -
r r 
x 1 
G ( -- Z '  ( x 1 r )  n 
r 
G o { x 1 Z ' n + l 
( x l r) 
- 2 G o'f' 1 Z ' C 'f' 1 r ) n 
G n o 
'f 1 Z '  ( 'f' l r ) ) n 
n 2 
Z 1 2 Z " C x 1 r )  - -n 
r 2 
( n + 1 )  
- z n + l C x 1 r )  
r 
Z C x 1 r )  n 
- - Z C x 1 r ) n 
r 
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T s 1 = 
T 6 1 = 
T 6 2 = 
T 6 3 = 
T 1 1 = 
T 1 2 = 
T 1 3 = 
T 8 1 = 
T 8 2 = 
T 8 3 = 
T 9 1  = 
T 9 2 = 
T 9 3 = 
G ( n + l ) 
r2 
z n + l ( x l r )  
( 2G n o/ r ) Z ( 'f 1 r ) n 
G ox 1 Z ' ( x 1 r )  n 
G n  
-- x 1 Z ' n + l  C x 1 r ) r 
'f 1 Z ' ( 'P l r ) n 
( n/ r ) Z  C x 1 r ) n 
oZ n + l ( x 1 r )  
- ( n/ r ) Z  C 'P 1 r ) . n 
- x 1 Z ' C x 1 r ) n 
oZ n + 1 ( x 1 r )  
- oZ C 'P 1 r ) n 
T 9 s = 0 
- ( n + l ) 
G ( n + l ) x l  
- G l2 Zn + l C x 1 r ) - r 
G ( n 2 + n ) 
+ z n + l  ( x l r ) r 2 
z
n + l ( x l. r ) 
- x 1 Z ' n + l C x 1 r ) 
r 
Z '  
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n + l C x 1 r ) G x 1
2 Z " n + l ( x 1 r )  
G o2Z n + l 
C x 1 r ) 
I n  t h e  a bove ex p res s i o n s  t h e  p r i me notat i on  i n d i cates d i ffe ren t i a t i o n  
w i t h  res pect to r .  
T h e  T .4 te rms  a re obta i n ed by s u bs i t i t ut i n g  W , W' a n d  1 n n 
W" fo r Z , Z '  a n d  Z "  res p ect i ve l y ,  i n  t h e  terms  T . 1 . S i m i l a r l y ,  n ·  n n n 1 
t h e  T i S  te rms a re obta i n ed by ma k i n g t h e  s ame  s u b s t i t u t i o n s i n  t h e  
T i2  te rms . F i n a l l y ,  t h e  T i S  te rms a re obta i n ed b y  m a k i n g  s i m i l a r  
s u bs t i t u t i o n s  i n  t h e  T . 3 te rm s . I . 
3 . 3  S t re s s  Bou n da ry Con d i t i o n s 
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Con s i d e r i n g  a n  i n f i n i te l y  l o ng  cy l i n d e r  w i t h  f ree e n d s , o n l y  
s i x  bou n d a ry con d i t i o n s  n eed to b e  s a ti s f i ed . T h es e  bou n d a ry con d i -
t i o n s  a re :  
o ( a )  = P cos ( n 8 )  cos rz r r  o 
0 ( b ) = 0 r r  
-r ( a )  = T ( b )  = 0 rz rz 
I n  mat r i x fo rm , t h e se  bou n da ry cond i t i o n s  ca n be rep res en ted a s : 
{ o }  = (s] { A }  (3 . 39 )  
. w h e re :  
{ o }  i s  a 6 x l mat r i x 
[SJ i s  a 6 x 6  mat r i x 
{ A } i s  a 6 x l mat r i x 
T h e  f i r s t  a n d s eco n d  row s of [SJ a re obta i n ed f rom t h e 
T l j te r m s  b y  l ett i n g  r = a  a n d  r = b , r e s p e ct i v e l y . T h e  t h i rd a n d 
fo u rt h row s of [SJ a re d ete r m i n ed f rom t h e  T4j te rm s b y  l ett i n g  
r=a a n d r= b ,  re s p e ct i v e l y . F i n a l l y ,  t h e  f i ft h  a n d  s i x t h  row s of [SJ 
a re o bta i n ed f rom t h e  T 5j te rm s b y  l ett i n g  r=a a n d r = b , re s p e c ­
t i v e l y . 
3 . 4  C ompu tat i o n s of N a t u ra l F req u e n c i es 
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I n  m a t r i x fo rm , eq u a t i o n s 3 . 30 t h ro u g h  3 . 38 c a n be w r i tt e n  
a s : 
o / co s ( n 8 )  r r  cos ( �z )  T 1 1  T 1 2.  T 1 3  T 1 4  T 1 s T 1 6 
o 8 8 /cos ( n 8 )  cos ( �z )  T 2. 1  T 2. 2.  T 2 3 
-
T 2. 4  T 2. s T 2 6 
o /cos ( n 8 )  zz cos ( �z )  T 3 1  T 3 2.  T 3 3 T 3 4  T 3 s T 3 6 A 1 
-r r 8 / s i n ( n 8 )  co s ( �z )  T 4 1  T 4 2.  T 4 3 T 4 4  T 4 s T 4 6 A 2 -
-
T /cos ( n 8 )  rz s i n  ( �z )  T s 1 T s 2 T s 3 T s 4 T 5 s T s s A 3 
-r 8 z/ s i n ( n 8 )  s i n ( �z )  T 6 1 T 6 2 T 6 3 T 6 4 T r. 5 T 6 6 A 4 
u / co s ( n 8 )  cos ( �z )  T 1 1 T 1 2 T 1 3 T 7 4  T 1 s T 7 6 A s 
v / s i n  ( n 8 )  co s ( �z )  T 8 1  T 8 2 T 8 3 T s 4 T 8 s T 8 6 A ,  
w/cos ( n  8 )  s i n ( �z )  T 9 1  T 9 2 T 9 3 T 9 4  T 9 s T 9 G 
o r  { U }  = [T] { A } (3 . 40 )  
w h e re :  
{ U } i s  a 9 x 1  m a t r i x 
[TJ i s  a 9 x 6  m a t r i x 
{ A }  i s  a 6 x 1  m a t r i x 
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S i n c e m a t r i c e s  (SJ a n d { o }  i n  eq u a t i o n  3 . 3 9 a re k n ow n , t h e  
co n s ta n t s  of i n teg ra t i o n  c a n b e  fo u n d . O n ce t h e  co l u m n  m a t r i x  { A }  
i s  k n ow n , t h e  co l u m n  m a t r i x { U }  c a n be obta i n ed f ro m  eq u a t i o n  3 . 40 
fo r a g i v e n  ra d i u s  r a n d a g i v e n  e x c i t i n g  f req u e n cy P .  T h e  a bo v e  
p roced u re c a n b e  r e p e a ted fo r f i x e d va l u ed o f  i n s i d e  a n d o u t s i d e  
ra d i u s ,  n u m b e r  o f  c i r c u m fe re n t i a l  wa v e s  a n d c y l i n d e r  l e n gt h  fo r a 
ra n g e of e x c i t i n g  f req u e n c i e s . B y  o b s e r v i n g t h e  v a l u e s of e x c i t i n g  
f req u e n cy w h i c h p rod u ce t h e  m a x i m u m  a m p l i t u d e s of s t re s s e s a n d d i s ­
p l a ceme n t s , t h e  n a t u r a l f re q u e n c i e s  of t h e  i s ot rop i c  e l a s t i c  c y l i n d e r  
c a n b e  d ete rm i n ed .  A com p u t e r  c a n e x p e d i te t h e  a bo v e  p ro c e d u re .  
T h e  F O R T R A N  p rog ra m d e s c r i b ed i n  t h e  a p pe n d i x  i s  c a p a b l e  of p e r ­
fe rm i n g  · t h i s  ta s k .  
T h e  p ro c e d u re d e s c r i bed i n  t h i s  s e ct i o n  wa s u s ed to com ­
p u te t h e  n a t u r a l f req u e n c i e s  fo r d i ffe re n t  cy l i n d e r  g eo m et r i e s ( H/ R  
a n d  H / L )  a n d  f i v e d i ffe r e n t  n u m b e r s  of c i rc u mfe re n t i a l wa v e s . T h e  
res u l t s  o b ta i n e d  a re r re s e n ted a n d  d i s c u s s ed i n  C h a pt e r  F o u r .  
C H A P T E R F O U R 
R E S U L T S  A N D  D I S C U S S I O N S  
4 . 1 M a t e r i a l  P ro p e rt i e s a n d  D i m e n s i o n l e s s  P a ra mete r s  
U n l e s s ot h e rw i s e i n d i cated , i n  t h i s  i n ve s t i g a t i o n  t h e  c y l i n -
d e r w a s  a s s u m ed to b e  m a d e  of a n  e l a s t i c  m a te r i a l  h a v i n g t h e  fo l l ow -
i n g p rop e rt i e s : 
G = 1 1 538461  P S I 
p = 0 . 000725 l b . s 2 / i n 4  
\) = 0 . 30 
n = 0 . 0  
S h ea r  Mod u l u s  
M a s s  D e n s i ty 
Po i s s o n ' s  R a t i o  
M a te r i a l  D a m p i n g Coeff i c i e n t  
I n  o rd e r  t o  p re s e n t  t h e  r e s-u l t s  i n  a g e n e ra l  fo rm fo r f u t u re · 
refe r e n c e s  a n d com p a r i s o n s ,  t h e  n o n - d i m e n s i o n a l  p a ra m et e r s  l i s t ed 
b e l ow w e re u t i l i z e d : 
H / R  = C y l i n d e r ' s  t h i c k n e s s  to m ea n ,  ra d i u s  r a t i o  
H / L  = C y l i n d e r ' s  t h  i c k n e s. s t o  h a l f - wa v e l .e n g t h  r a t i o  
Q = P / w  s F re q u e n cy f a cto r 
w = 1rV 2 / H  F u n d a m e n ta l f req u e n cy of a n  i n f i n fte p l a t e  of s 
t h i c k n e s s  H a n d  s a me e l a s t i c  p ro p e rt i e s a s  t h o s e  of t h e  
cy l i n d e r  
P = E x c i t i n g  f req u e n cy 
V 2 = Ve l oc i ty of p ro p a g a t i o n  of d i sto rt i o n a l wa v e s  
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4 . 2  Compa r i s o n  w i t h  G a z i s ' s  R es u l t s  
I n  o rd e r  to v e r i fy t h e  v a l i d i ty o f  t h e  t h eo r et i ca l  p roced u r e 
u s ed h e re i n ,  t h e  res u l t s  fo r t h e  r e s o n a n t  f re q u e n cy f a cto r ( s-2 )  
o b ta i n ed i n  t h i s  i n v e s t i g a t i o n  a re compa red w i t h  t h e  v a l u e s o f  n a t u ra l 
f re q u e n cy f a cto r p r e s e n ted b y  G a z i s  ( 1 959 ) . T h i s  com p a r i s o n  i s  p re ­
s e n ted i n  T a b l e s 4 . 1  t h ro u g h 4 . 2 5 .  F i v e d i ffe r e n t  v a l u e s of c y l i n -
d e r ' s t h i c k n e s s  to m e a n ra d i u s  ra t i o  a re com p a red . Fo r a g i v e n  
v a l u e  o f  H / R ,  t h e  f r eq u e n cy f a cto r s  fo r f i ve d i ffe re n t  n u m b e r s  of 
c i rc u mfe re n t i a l  w a v e s  a r e co n s i d e red . Fo r g i v e n  v a l u e s  of H / R  a n d  
n ,  fo u r d i ffe re n t  ra t i o s  of cy l i n d e r ' s t h i c k n e s s  to h a l f - wa v e l e n g t h  
( H / L ) a re com p a red . S i n ce u s i n g a H / L  = 0 . 0  res u l t s  i n  a d i v i s i o n  
b y  z e ro ,  a v a l u e of H / L  = 1 0 x - 20 i s  u t i l i z ed . 
A v e ry s m a l l  v a l u e  o f  H / L  co r re s po n d s  to a n  i n f i n i te wa v e l -
e n gt h  ( i n f i n i t e l y  l o n g c y l i n d e r ) . S i m i l a r l y ,  a v e ry s m a l l  v a l u e o f  H / R  
rep re s e n t s a t h i n  c y l i n d r i ca l s h e l l . O n  t h e ot h e r  h a n d ,  H / R = 2 . 00 
d e p i ct s  a s o l i d  cy l i n d e r .  A g a i n ,  i n  o r d e r  to a vo i d  d i v i s i o n  b y  z e ro ,  
H / R = 2 . 00 c a n n ot b e  u s e d , a n d a s o l i d  cy l i n d e r  ca n b e  a p p ro x i ­
m a ted b y  l ett i n g  H / R  a p p ro a c h 2 . 00 .  
U po n  e x a m i n i n g T a b l e s 4 . 1  t h ro u g h  4 . 2 5 ,  i t  i s  e v i d e n t  t h at 
t h e  two m et h od s  p rov i d e v e ry s i m i l a r  res u l ts fo r t h e  s e co n d  a n d  
h i g h e r  f r eq u e n cy fa cto r s  f o r a n y v a l u e s  of H / R ,  n a n d  H / L .  
F u rt h e rmo r e ,  t h e  two m et h od s  g i v e  s i m i l a r res u l ts fo r t h e  f i r s t  f re ­
q u e n cy f a cto r fo r a n y  v a l u e s o f  H / R ,  n a n d H / L  u p  t o  0 .  50 . 
H owe v e r ,  t h e  two m et h od s  p rov i d e  v e ry d i s s i m i l a r  r e s u l t s  fo r t h e  
f i r s t  f r e q u e n cy f a cto r a t  a n y H / R  a n d  n fo r H / L  = 1 . 00 .  T h i s  d i f -
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fe re n ce s e e m s to b e  i n v e r s e l y  p ro po rt i o n a l  to H/ R .  
I t  i s  i m po rta n t  to reca l l  t h a t w h e rea s G a z i s ' s  m et h od u s e s  a 
f re e  v i b ra t i o n a l  a p p roa c h , t h e  p re s e n t  i n ve s t i g a t i o n  u s e s  a fo rced 
v i b ra t i o n  a p p roa c h . B ot h  m et h od s  co n s i d e r  t h e  v i b ra t i o n  of a n  i n f i ­
n i te l y  l o n g  c i r c u l a r c y l i n d e r  u s i n g t h e  t h ree d i m e n s i o n a l  t h eo ry of 
e l a s t i c i ty . As a r e s u l t ,  t h ·e f req u e n cy fa cto r s  com p u ted by G a z i s  
( 1 9 59 ) s h o u l d  b e  v e ry c l o s e  to t h e  re s o n a n t ·: req u e n c y f a cto r s  
obta i n ed i n  t h i s  i n v e s t i g a t i o n . H ow e v e r ,  T a b l e s 4 . 1 t h ro u g h  4 . 25 
i n d i ca t e t h a t t h i s  i s  n ot a l w a y s  t h e  ca s e . 
T h e  d i ffe r e n c e i n  f r eq u e n cy facto r me n t i o n e d a b ove c a n b e  
e x p l a i n e d b y  co n s i d e r i n g  t h e  com p u ta t i o n a l  tec h n i q u e s  fo r t h e  B e s s e l  
f u n ct i o n s va l u e s  u t i l i z e d  i n  t h e  two m et h od s . W h e re a s G a z i s  ( 1 9 S9 ) 
u s e s  a n  a s ym ptot i c  a p p ro x i ma t i o n  w h i c h i s  o n l y  v a l i d fo r l a r g e  v a l u es 
of t h e  B e s s e l  f u n ct i o n s ' s  a rg u m e n t ,  t h e  p re s e n t  i n v e s t i g a t i o n  u t i l i z e s  
a n u m e r i c a l  te c h n i q u e  t o  com p u t e  t h e  v a l u e s  o f  t h e  B e s s e l  f u n ct i o n s 
a n d  t h e i r d e r i v a t i v e s . T h i s  n u m e r i ca l  tec h n i q u e i s  b e l i e v ed to p ro ­
v i d e a cc u r a t e  r e s u l t s  fo r s m a l l  v a l u e s  o f  t h e  B e s s e l  f u n ct i o n ' s  a rg u ­
m e n t  w h e re t h e  a s y m ptot i c  a p p ro x i m a t i o n  i s  n ot v a l i d .  
F rom e q u a t i o n s  3 . 1 7 a ,  3 . 1 7 b a n d  T a b l e  3 . 1 _,  i t  i s  e v i d e n t  
t h a t t h e  a rg u m e n t  o f  t h e  B e s s e l  f u n ct i o n  ( 'f' r  o r  � r ) i s  a f u n ct i o n  of 
cy l i n d e r ' s r a d i u s  a n d  w a v e l e n g t h  a s  w e l l a s  e x c i t i n g  f re q u e n cy .  Fo r 
f i x ed v a l u e s of cy l i n d e r ' s ra d i u s  a n d  w a v e l e n g t h , · t h e  a rg u m e � t  i s  
s o l e l y  a f u n ct i o n  of e x c i t i n g  f req u e n cy .  I n d eed , a s  t h e  e x c i t i n g  f re ­
q u e n cy i n c re a s e s , t h e  a rg u m e n t  ( 'f' r o r  � r )  i n c re a s e s , a n d t h e  v a l u e s 
of t h e  B e s s e l  f u n ct i o n s  bbta i n ed b y  a s y m ptot i c  a p p ro x i m a t i o n  
a p p roa c h  t h e  v a l u e s o bta i n ed b y  t h e  mo re a c c u r a te n u m e r i c a l 
t e c h n i q u e .  T h i s  e x p l a i n s  w h y  t h e  two met h o d s  p rov i d e v e ry s i m i l a r 
res u l ts fo r t h e  s eco n d  a n d  h i g h e r  mod e s . 
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F u rt h e rmo re , f ro m  T a b l e s  4 . 1 t h ro u g h  4 . 25 ,  i t  i s  e v i d e n t  
t h a t  fo r f i x ed v a l u e s o f  H / L a n d  n ,  t h e  v a l u e s o f  t h e  f re q u e n cy fa c -
to rs  i n c rea s e  w i t h  i n c re a s i n g H / R .  A s  a res u l t ,  t h e  a rg u m e n t  of 
B e s s e l  f u n ct i o n  i n c rea s e s , a n d  t h e  v a l u e s  of t h e  B e s s e l  f u n ct i o n  
o bta i n ed b y  a s y m ptot i c  a p p ro x i .n a t i o n  a p p ro a c h  th e v a l u e o b t a i n ed b y  
t h e  n u m e r i ca l tec h n i q u e . H e n ce ,  a s  H / R i n c rea s e s  t h e  d i ff e re n ce i n  
f req u e n cy f a cto r v a l u e s  fo r t h e  two m et h od s d ec rea s e s . 
4 .  3 Mode I d e n t i f i ca t i o n  
Ta b l e s 4 . 26 t h ro u g h  4 . 30 p re s e n t  t h e  h i g h e s t  com p u ted 
a m p l i t u d e of d i s p l a ce m e n t s  a t  t h e  f i rs-t s i x  r e s o n a n t  f re q u e n c i e s  fo r 
f i v e d i ffe r e n t  v a l u e s  of n fo r a c y l i n d e r  w i t h  H / R = 0 . 30 a n d  
H / L = 0 .  1 0 .  T h e s e  d i s p l a c em e n t  a m p l i t u d e  a re m a d e  d i me n s i o n l es s  b y  
m u l t i p l y i n g  t h em b y  f a cto r G / P H ,  w h e re G i s  t h e  m od u l u s  of  0 
r i g i d i ty , P 0 i s  t h e  a m p l i t u d e  of t h e  e x c i t i n g  p re s s u re ( o r r ) i n s i d e  
t h e  cy l i n d e r ,  a n d  H i s  t h e  cy l i n d e r  t h i c k n e s s . 
I t  i s  n ot i c e d  t h at t h eo r et i ca l l y t h e s e  r�s o n a n t  d i s p l a ce m e n t  
a m p l i t u d e  m u s t b e  i n f i n i t e  s i n ce u n d a m p ed mot i o n  i s  a s s u m ed 
(n = 0 . 0 ) . F ro m  a m a t h em a t i c a l po i n t qf v i ew ,  a t  re s o n a n ce co n d i t i o n  
( i n f i n i te d i s p l a ce m e n t s ) ,  t h e  d et e rm i n a n t o f  m a t r i x I s  I d e s c r i b ed i n  
C h a pte r T h r e e  s h o u l d  b e  z e ro . A l s o ,  f rom l i n ea r a l g e b ra ,  i t  i s  
reca l l ed t h a t  a m a t r i x I A I h a s  a n  i n v e r s e  i n  a n d o n l y  i f  i t s d ete r m i -
n a n t i s  d i ffe r e n t  t h a n  z e ro .  T h e  com p u t e r  p rog r a m  l i s ted i n  t h e  
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A p p e n d i x  p r i n ts a " s i n g u l a r  m a t r i x "  m e s s a g e  w h e n ev e r t h i s  con d i t i o n  
i s  e n co u n te red . H ow e v e r ,  s i n c e t h e  r e s o n a n t f r eq u e n c i e s c o m p u ted 
i n  th i s  i n v e s t i g a t i o n  a re a p p ro x i m a t i o n s to t h e  t r u e  n a t u ra l f re q u e n -
c i e s of t h e  cy l i n d e r ,  a n d beca u s e t h e  com p u te r  co u l d h a n d l e  n u m b e r s  
- 20 as s m a l l  a s  1 0  , a s i n g u l a r  m a t r i x  w a s  n ot e n co u n te r e d  i n  t h e  
e x ec u t i o n  of t h e  p ro g r a m . · 
T h e p u r p o s e  of Ta b l e s  4 . 26 - 4 . 30 i s  t h e  i d e n t i f i ca t i o n  of 
t h e  p re d om i n a n t v i b ra t i o n a l  mode fo r e a c h  v a l u e of n a n d  t h e  a bo v e  
m e n t i o n ed cy l i n d e r ' s  d i m e n s i o n s . I n d e ed , b y  n ot i c i n g  w h i c h  d i s p l a ce -
m e n t  com p o n e n t  h a s  t h e  h i g h e s t  com p u ted a m p l i t u d e , t h e  p r edom i n a n t  
mode of v i b ra t i o n  c a n b e  i d e n t i f i ed . 
I n  p a rt i c u l a r ,  T a b l e  4 . 26 a l l ow s  t h e  i d e n t i f i c a t i o n  of t h e  
p re d om i n a n t v i b ra t i o n a l  mode fo r a x i s ym m et r i c  v i b ra t i o n  ( n  = 0 ) . I n  
t h i s  ta b l e ,  i t  i s  n ot i c e d  t h a t t h e  n o n � d i m e n s i o n a l  ta n g e n t i a l d i s p l a ce - . 
m e n t , v ,  i s  z e ro .  T h i s  comes a s  n o  s u rp r i s e s i n ce t h e  c o n d i t i o n  
n = 0 does n ot a l l ow m ot i o n  i n  t h e  9 d i rect i o n  ( s ee F i g u re 3 . 4 ) . A l s o 
f ro m  T a b l e  4 . 26 ,  i t  i s  e v i d e n t  t h a t  t h e  f i r s t ,  t h i rd ,  f i ft h  a n d s i x t h  
mod e s  fo r n = 0 a re a s s oc i a ted w i t h  l a rg e  z - d i s p l a cem e n t s , a n d  t h e  
s eco n d  a n d fo u r t h  m o d e co r res po n d  to p redom i n a n t l y  l a r g e  ra d i a l d i s -
p l a ceme n t s . 
T a b l e  4 .  27  d e p i cts  th e mode i d e n t i f i ca t i o n  fo r r i g i d  b o d y  
mot i o n  ( n  = 1 ) .  F ro m  t h i s  ta b l e ,  i t  c a n b e  co n c l u d ed t h a t t h e  f i r s t  
a n d  f i ft h  mod e s  fo r n = 1 a re a s s oc i ated w i t h  d i s p l a ce m e n t s  i n  t h e  
ta n g e n t i a l  d i rect i o n . F u rt h e rmo re , t h e  t h i rd a n d  s i x t h  m o d e s  co r re -
s po n d  to p re d om i n a n t l y  ra d i a l  d i s p l a ce me n t s . S i m i l a r l y ,  t h e  s ec o n.d 
a n d  f o u rt h mod e s  a re a s s o c i ated w i t h  d i s p l a ceme n t s i n  t h e  
z - d i  rect i o n . 
T a b l e s 4 . 28 ,  4 . 29 a n d  4 . 30 d e p i ct t h e  m od e  i d e n t i f i ca t i o n  
fo r t h e  f i r s t  t h ree l o b a r mod e s  ( n = 2 ,  3 a n d 4 ) . O n  t h e  b a s i s  of 
t h e s e  ta b l e s , it  c a n be co n c l u d e d  t h a t  t h e  f i r s t  a n d s i x t h  mode fo r 
n = 2 ,  3 a n d  4 a re a s s oc i a ted w i t h  l a rg e ra d i a l  d i s p l a c eme n t s . T h e  
s eco n d  a n d  fo u rt h mod e a re a s s o c i ated w i t h  d i s p l a ceme n t  i n  t h e  
z - d i rect i o n . F i n a l l y ,  t h e  t h i rd a n d f i ft h  mod e a re a s s o c i a t e d  w i t h  
d i s p l a ce me n t s i n  t h e  ta n g e n t i a l  d i rect i o n . 
4 . 4  Effect of S t r u ct u ra l  D a mpi n g  
I 
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T a b l e s 4 . 3 1 to 4 . 35 d e p i ct t h e  v a r i a t i o n  of t h e  f u n d a m e n ta l 
reso n a n t d i s p l a ce m e n t  a m p l i t u d e  w i t h res p ect to s t r u ct u ra l ( m a te r i a l ) 
d a m p  i n g fa cto r fo r H I  R = 0 . 40 , HI L = 0 . 1 0 ,  v = 0 . 30 a n d n ra n g  i n g · 
f rom 0 to 4 .  T h e  d i s p l a ceme n t s  a re m a d e  d i m e n s i o n l e s s  a s  i n d i ca t e d  
i n  t h e  p rev i o u s s ect i o n . I n  o rd e r  to p e rfo rm t h e  st r u ct u ra l d a m p i n g  
a n a l y s i s , t h e  com p u te r  p rog ra m i n  A p p e n d i x  A wa s u s ed , a s s u m i n g  a 
com p l e x  s h ea r m od u l u s  of t h e  fo rm G* = . G ( l + i n ) . T h e  s ym b o l  n 
re p r e s e n t s t h e  s t r u ct u ra l d a m p i n g  fa cto r . A l t h o u g h . t h ey a re n ot 
l i s ted i n  T a b l e s 4 . 3 1 to 4 . 35 ,  t h e  res o n a n t  f req � e n c i e s  fo r c y l i n d e r s 
w i t h . m a t e r i a l  d a m p i n g a r e t h e  s a me a s  t h o s e  of cy l i n d e r s  w i t h  n o  
m a te r i a l d a m p i n g . I n  ot h e r  wo rd s , t h e n a t u ra l f req u e n c i es of a s y s -
tern a re i n d e pe n d e n t  of t h e  d a m p i n g p re s e n t  i n  t h e  s y stem . 
H oweve r ,  t h e  r e s o n a n t a m p l i t u d e  a re d a m p i n g d e p e n d e n t . 
I n  p a rt i c u l a r ,  T a b l e  4 . 3 1 p re s e n t s t h e  v a r i a t i o n  of t h e  f u n -
d a m e n ta l  res o n a n t  d i s p l a c em e n t s a m p l i t u d e  fo r a x i s y m met r i c  v i b ra t i o n s . 
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(n = 0) . As i n d i cated i n  the p rev ious  sect ion , the ta n g e n t i a l  d i s ­
p l a cemen t  i s  ze ro for a x i s ymmet r i c  v i b ration s .  U pon exami n i n g Tab l e  
4 . 3 l ,  i t  seems that the  structu ra l damp i n g  h a s  no effect i n  the  d i s ­
p l acement amp l i tude  fo r a x i symmet r i c  v i b ration s .  T h e  ex p l a n at i o n  to 
th i s  lay i n  the fact t h at no s h ea r deformat ion  ( v  = 0) i s  p resent  fo r 
n = 0 ,  a n d  a s  a res u lt ,  e n e rgy d i s s i pat ion occu rs on l y  beca u se of 
d i s p lacements i n  the  rad i a l  a n d  a x i a l  d i rection s .  As s hown by 
H a m i dzadeh ( 1 98 1 , 1 982 ) , energy d i s s i pat ion due to s h ea r  d efo rma ­
t ion s i s  mo re effecti ve i n  damp i n g treatment than e n e rgy d i s s i pat ion 
due to com p res s i ve or ten s i l e defo rmation s .  
S i n ce st r u ctu ra l damp i n g  i s  not effect i ve fo r a x i s ymmet r i c  
v i b rat ion , t h e  d i s p l a ceme n ts ampl i tude l i sted i n  Ta b l e  4 . 3 1 s h ou l d  be 
i nf i n i te va l ues . H oweve r ,  as  i n d i cated befo re , the ta b u l ated va l u es 
a re on l y  the h i g h est pos s i b l e  comp uted d i s p l acement a m p l i tude . T h e  
d iffe ren ces among t h em ca n b e  att r i b uted to rou n d  off e r ro rs d u e  to 
mat ri x i n ve rs ion s . F u rth e rmo re , fo r u n damped mot ion s ,  th e d i s p l ace­
ment amp l i tude c h a n g e  very ra p i d l y  c lose to the reson a n t  f req u e n ­
c i es , ca u s i n g a very s h a rp f req u e n cy res po n se c u rve at reson a n ce .  
Tab l es 4 . 32 to 4 . 35 s h ow the va r iat ion of t h e  f u n dame nta l 
reso n a n t d i sp l acemen t  amp l itude with respect to mate ri a l  d a mp i n g  fo r 
r i g i d  body mot ion ( n  = 1 ) ,  a n d th e f i rst th ree loba r mod es ( n  = 2 ,  3 ,  
a n d  4) . Based on t h ese ta b l es , i t  ca n be con c l uded that · t h e  reso­
n a nt d i s p l a cement  a m p l itu d e  dec rea se as  the  mate r i a l  dam p i n g  fa cto r 
i n c rea ses . T h i s  i s  so beca u se of the p resence of e n e rgy d i s s i pat ion 
due to s h ea r  defo rmat io n s  a s  wel l  a s  rad i a l  a nd a x i a l  d efo rmat ion s .  
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F i g u res 4 . 26 to 4 . 30 a re g rap h i c  rep rese n tat ion s of Tab l es 
4 . 3 1 to 4 . 35 .  F rom F i g u res 4 . 27 to 4 . 30 ,  i t  i s  ev i dent t h at the d i s -
p l a cement a mp l i t u d e  d ec rea se l i n ea rly with i n c rea s i n g mate r i a l  dam p i n g  
factor . Th i s  f i n d i ng i s  con s i stent with p rev ious  t h eoreti ca l a n d  
ex peri menta l res u lts i n  st r u ctu ra l damp i n g . I t  i s  a wel l  k now n fact 
that  the stea dy state respo n s e  ampl itude of a system s u bjected to a 
h a rmon i c  exc itat ion i s  g i ve n  by : 
w h e re 
X =  
F 0 
( k  - mw 2 + i n k )  
F = amp l itude of h a rmon i c  ex citat ion 0 
k = system ' s  st iff n e s s  
m = tota l effect i ve ma s s  
w = f req u e n cy of exc itation 
(4 . 1 )  
F rom eq u at ion 4 . 1 ,  it ca n be eas i l y seen t h at fo r u n d a mped 
motion (n = 0 . 0) ,  th e amp l i tude at reso na n ce ( k  - mw 2 = 0) i s  i nf i -
n ite . A l so ,  fo r damped motion ( n  1 0) , the  reso n a nt amp l i t u d e  fo r 
f i x ed va l ues of F a n d  k i s  a l i n ea r  fu n ct ion of n .  I n deed 0 
l X I  = F /n k ( T h omson , 1 98 1 : 75) . 0 
4 . 5  Effect of Poi s son ' s  Ratio 
The va r i at ion of th e f i rst reson a nt f req uency with res pect 
to Poi sson ' s  rat i o  i s  p resented i n  Ta b l es 4 . 36 to 4 . 40 .  T h i s  va r iat ion  
i s  stud i ed u s i n g  H/R = 1 . 00 at  th ree d i fferent va l u es of H / L (0 . 1 0 ,  
0 . 50 a n d 1 . 00 )  a n d n ra n g i n g f rom 0 to 4 .  T h e  Po i s s o n ' s  ra t i o  
ra n g e s  b etween t h e  two i d ea l v a l u e s  o f  0 a n d  0 . 50 .  
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S i n ce t h e  P o i s s o n ' s  rat i o  i s  d ef i n ed a s  t h e  l a te ra l  s t ra i n  
d i v i d e d  b y  t h e  a x i a l  s t ra i n ,  a n  i d ea l  m a te r i a l h a v i n g  a P o i s s o n ' s  rat i o  
eq u a l  to z e ro c o u l d  b e  st retc h ed i n  o n e  d i rect i o n  w i t h o u t  a n y l a te ra l 
d efo r m a t i o n . O n  t h e ot h e r  h a n d ,  a n  i d ea l m a t e r i a l  w i t h  a P o i s s o n ' s  
ra t i o  eq u a l  to 0 . 50 wo u l d b e  pe rfect l y  i n com p re s s i b l e ,  s i n c e i t s  b u l k 
m od u l u s ( mod u l u s of com p re s s i o n ) wo u l d  be i n f i n i te .  
T h e  r e s u l t s  l i s t e d  i n  T a b l e s 4 . 36 to 4 . 40 we re o b t a i n ed b y  
l ett i n g  v ( n u )  v a ry i n  t h e  p rog r a m  l i s ted i n  A p p e n d i x  A .  A n  e x a ct 
v a l u e of v = 0 . 50 co u l d n ot b e  u s ed fo r com p u ta t i o n s . I n s te a d ,  a 
va l u e of 0 . 495 w a s u s ed to a p p ro x i ma t e  0 . 50 .  
B a s ed o n  T a b l e s 4 . 36 to 4 . 40 ,  i t  c a n  be co n c l u d e d  t h a t  t h e  
va l u e of t h e  r e s o n a n t f re q u e n c y fa cto r i n c rea s e s  fo r i n c rea s i n g v a l u e s 
of Po i s s o n ' s  ra t i o  a t  a n y  v a l u e s  of n a n d  H / L . T h i s  i s  e x p l a i n ed b y  
n ot i c i n g  t h a t a s  t h e  P o i s s o n ' s  a p p ro a c h e s t h e  i d e a l v a l u e o f  0 . 50 t h e  
b u l k  mod u l e s o f  t h e  m a te r i a l  a p p roa c h e s  i n f i n i t y , a n d  a s  a r e s u l t t h e  
s t i ff n e s s o f  t h e  m a t e  r i d  I i n c rea s e s . F rom b a s i c  v i b ra t i o n s  k n ow l ed g e ,  
i t  i s  reca l l ed t h at  t h e  n a t u ra l f re q u e n cy o f  a n  e l a s t i c  s y s t e m  i s  
d i rect l y  p ro p o rt i o n a l  to t h e  s y s tem ' s  s t i ff n e s s ,  a n d  i n v e r s e l y  p ro po r ­
t i o n a l  to t h e  s y s t em ' s  m a s s  ( d e n s i ty ) . S i n ce i n  t h i s  a n a l y s i s ,  t h e  
d e n s i ty o f  t h e  m a te r i a l . i s  h e l d  co n s t a n � ,  t h e  res o n a n t  f re'q u e n cy 
i n c rea s e s fo r i n c re a s i n g  v a l u e s of P o i s s o n ' s  r a t i o . 
U po n  e x a m i n i n g ta b l e  4 . 36 ,  i t  i s  n ot i ced t h a t t h e  r e s o n a n t 
f re q u e n cy fa cto r fo r n =0 a n d H / L  = 0 . 1 0  s eems to d e c r ea s e  fo r 
i n c rea s i n g Po i s s o n ' s  ra t i o . I n d eed , t h e  r e s o n a n t f req u e n cy f a cto r a t  
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v = 0 . 00 i s  t h r e e  t i m e s  h i g h e r  t h a n  at v = 0 . 1 0 .  I n  s ect i o n  4 . 4 , i t  
wa s po i n t e d  o u t  t h a t fo r a x i s y m met r i c  v i b ra t i o n  ( n  = 0 ) , t h e  f u n d a ­
m e n ta l mod e wa s a s s o c i ated w i t h  d i s p l a c em e n t s  i n  t h e  z - d i rect i o n . 
Mo reov e r ,  a n  i d e a l m a te r i a l  h a v i n g  a Po i s s o n ' s  ra t i o  eq u a l  to z e ro 
wo u l d  n ot e x p e r i e n c e a n y a x i a l  d efo rm a t i o n , w h e n  s u bj ected to ra d i a l  
e x c i t a t i o n . A s  a r e s u l t ,  t h e  v a l u e l i sted i n  Ta b l e  4 . 36 fo r 
H / L = 0 . 1 0  a n d v = 0 . 0  co r re s po n d s  to t h e  s eco n d  r e s o n a n t  f re q u e n c y  
fa cto r r a t h e r  t h a n t h e  f u n d a m e n ta l res o n a n t  f req u e n cy f a cto r .  
4 .  6 R e s o n a n t  F req u e n c i e s  C h a rt s  
F i g u r e s  4 . 1 t h ro u g h  4 . 25 g ra p h i ca l l y d e p i ct t h e  r e s o n a n t  
f re q u e n c i e s  fa cto r s  o b ta i n e d i n  t h i s  i n v e s t i g a t i o n . T h e s e  v a l u e s a re 
t a b u l a ted i n  T a b l e s 4 . 1 t h ro u g h  4 . 25�. F i v e d i ffe r e n t  t h i c k n e s s  to 
m e a n ra d i u s  ra t i o s  a re p re s e n ted , H / R = 0 . 30 ,  0 . 40 ,  0 . 50 ,  1 . 00 a n d 
1 .  90 . Fo r a g i v e n  H / R v a l u e ,  H / L  rat i o s ra n g i n g f rom 0 to 1 a re 
i n c l u d ed .  F u rt h e rm o re , fo r f i x ed v a l u e s  of H / R  a n d H / L ,  f i v e d i f ­
fe re n t  n u t t1 b e r s  o f  c i rc u m f e re n t i a l  w a v e s  a re p rov i d ed , n = 0 ,  1 ,  2 ,  
3 ,  a n d  4 .  T h e  f i r s t  s i x  r e s o n a n t f req u e n c i e s  fa cto r s  a re p ro v i d ed 
fo r e a c h  of t h e  a bo v e  co n d i t i o n s .  
T h e s e  c h a rts a l o n g  w i t h  T a b l es 4 . 1 to 4 . 25 c a n be u s ed a s  
refe re n ce s  i n  f u t u re i n v e s t i g a t i o n s  a n d i n  e n g i n ee r i n g  d e's i g n . 
I n d e ed ,  t h ey p ro v i d e  a q u i c k  w a y  of d ete rm i n i n g t h e  n at u ra l  f re ­
q u e n c i e s o f  c y l i n d r i ca l  s t r u ct u r e s  fo r d i ffe re n t  l o b a r mod e s . 
I n  o rd e r to d et e rm i n e a cy l i n d e r ' s n a t u ra l  f re q u e n c i e s f ro m  
F i g u r e s  4 . 1 t h ro u g h  4 . 25 ,  o n e  n eed s t o  k n ow t h e  cy l i n d e r ' s  
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d i men s i on s a n d e l a st i c  con sta n ts . T h e  cy l i n der' s d i men s io n s p rov i d e  
th e H / R  a n d  H / L  rat ios . Know i n g  the  va l u es of H / R  a n d  H / L ,  the  
f req u e n cy facto r ( Q ) fo r a g i ven va l u e of  n ca n be read f rom t h e  
a p p ropr iate ta b l e  o r  f i g u re .  O n  the  oth e r  h a n d , know i n g  t h e  cy l i n ­
de r ' s  e last ic  ( G  a n d  P )  con sta n ts a l lows the  ca l c u l at ion  of 
w = 1rV2/ H . F i n a l l y ,  th e natu ra l f req uency P ca n be obta i n ed from s 
t h e  re l at ion  Q = PI w • s 
Wh en t h e  n atu ra l f req u e n c i es fo r va l u es of H / R n ot p ro-
v i ded in  Ta b l es 4 . 1 th rou g h  4 . 25 a n d  in  F i g u res 4 . 1 th rou g h  4 . 25 
a re des i red , o n e  ca n i nte rpol ate between th e a p p ropr i ate ta b l es o r  
f ig u res . Howeve r ,  fo r mo re accu rate res u l ts , one m u st u s e  t h e  com -
p u ter  p rog ram l i sted i n  t h e  a ppen d i x . Mo reove r ,  F i g u res 4 . 1 
th ro u g h  4 . 25 ca n be u sed to d raw very importa n t  con c l u s io n s  reg a rd -
i n g  t h e  v i b rat io n s of c i rc u l a r  stru ctu- res . T h ese co n c l u s io n s  a re p re- · 
sen ted i n  the  pages to fo l low . 
4 .  7 Co upl ed Motion 
A s  s h own i n  f i g·u res 4 . 1 ,  4 . 6 , 4 . 1 1 ,  4 . 1 6  and 4 . 2 1 , th e re i s  
a not icea b l e  cou p l i n g  effect between the f i rst a n d  seco n d  mod e fo r 
a x i symmetr ic  v i b rat ion ( n  = 0) . Th i s  mode cou p l i n g depen d s  on the 
rat io H/ L a s  wel l a s  t h e  rat io H/ R .  
I n deed , t h e  cou p l i n g i s  most noticea b l e  fo r H / L  v a l u es 
between 0 . 1 0  a n d 0 . 40 .  A s  H/ L a p p roaches ze ro ( i nf i n i te l y  l o n g  cy l -
i n d e r ) , t h e  a x i a l  wave n u mber ( o) becomes zero ,  res u lt i n g  i n  u n cou - · 
p l ed rad i a l  o r  a x i a l  mot ion . O n  the ot her  h a n d , fo r f i x ed va l ues of 
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H / L ,  t h e  c o u p l i n g eff ect b e twee n t h e  f i r s t  two mo d e s  w e a k e n s  as t h e  
r a t i o  H / R  i n c re a s e s . 
F u rt h e rmo re , a s  t h e  co u p l i n g b etw e e n  t h e  f i r s t  a n d  s e co n d  
mod e d ec re a s e s w i t h  i n c re a s i n g  H / R ,  a co u p l i n g eff ect b etwe e n  t h e  
s eco n d  a n d  t h i rd m o d e  i s  o b s e rved . H owev e r ,  t h e  fo u rt h  m o d e 
a l wa y s  o cc u r s  a t  a f re q u e n ·cy a l mo s t  tw i ce a s  h i g h  a s  t h e  f r e q u e n cy 
of t h e  t h i rd m o d e  fo r H / L  : e s s  t h a n  0 . 50 .  H e n ce ,  i t  ca n b e  co n ­
c � u d e d  t h a t  t h e re i s  a co n s i d e ra b l e  co u p l i n g effect a mo n g  t h e  f i r s t  
t h ree mod e s  fo r a n y  H / R a t  H / L  < 0 . 50 .  T h i s  o b s e rv at i o n  i s  co n s i s ­
te n t  w i t h  t h e  " t h r e e - m o d e t h eo ry "  p ro po s ed b y  N c N i v e n , S h a h  a n d 
S a c km a n  i n  1 966 . 
T h e  co u p  I i n g a mo n g  t h e  f i r s t  t h ree mode i s  a l s o o b s e rv ed 
a t  v a l u e s  of n = 1 ,  2 ,  3 a n d 4 ,  a t  H / R  v a l u es l e s s  t h a n  1 . 00 .  T h i s  
co u p l i n g i s  s t ro n g e s t  a t  n = 1 ( r i g i ct  bod y mot i o n ) .  H ow e v e r ,  a s  H / R  
b ecom es b i g g e r  t h a n  1 . 00 ,  a p p ro a c h i n g a s o l i d  rod ( H / R  = 2 . 00 ) , t h e  
co u p l i n g effect a mo n g  t h e  f i r s t  t h ree mode wea k e n s .  M o reo v e r ,  t h e  
f i r s t  s i x  m o d e  mov e a w a y  f ro m  ea c h  ot h e r  a s  H / R  a p p ro a c h es 2 . 00 
a n d n > 0 ( s ee T a b l e s 4 . 2 1 to 4 . 25 ) . I n  f a ct , t h e  f re q u e n cy c u r v e s  
b ecome a l mo s t  p a ra l l e l  s t ra i g h t l i n e s , a s  s h ow n by F i g u r e 4 . 23 .  
Tab le 4 . 1 Comparison be tween the present re sul t s  and Gazis ' s  resul t s  
f o r  s ix f req uency fac tors f o r  H/ R = 0 . 3 0 and n = 0 ( symme tr ic 
radial v ib r a t ion) 
Th icknes s  t o  
leng th rat io Res onan t Frequency Fac t o rs 
H/L Q 
Present 0 0 . 1 6 3 2 8  1 . 00 2 8 8  1 . 8 7 8 6 0  2 . 0 0 1 5 0  
0 . 00 
Gazis 0 0 . 1 6 306 1 . 00 3 4 4  1 . 8 7 8 7 1 2 . 0 0 1 7 4
;, 
Present 0 . 1 3 9 5 1 0 . 1 9 0 2 4  1 .  0 2 0 9 0  1 .  8 5 6 4 1 2 . 0 3 2 3 4  
0 . 1 0 
Ga z is 0 . 1 3 8 2 9  0 . 1 8 9 4 6  1 . 0 20 5 5  1 .  8 5 6 8 1  2 . 03 1 3 7  
Present 0 . 5 5 3 2 7  0 . 7 9 7 4 0 1 . 3 3 4 7 7  1 . 7 4 3 7 0  2 . 3 3 6 7 0  
0 . 5 0 
Gazis 0 . 3 1 7 90 0 . 8 2 7 9 1  1 . 3 344 1 1 . 7 4 40 2 2 . 3 3 6 6 5  
Present 0 . 7 8 4 7 5  1 .  4 1 9 80 1 . 9 1 1 7 4 2 . 0 0 3 5 0  2 . 8 2 8 4 5  
1 . 00 
Gazis 0 . 7 84 7 1  1 .  4 2 0 0 2  1 . 9 1 1 5 6  2 . 00 2 9 4  2 . 8 2 8 6 4  
Tab le 4 . 2 · Comparison be twe en the pre sent resul ts and Gazis ' s  resul ts 
for s ix frequency fac tors for H/R = 0 . 30 and n = 1 ( r i g i d  
b o dy mo t ion)  
Thicknes s  to 
leng th ra t io Resonant Frequency Factors 
H/L Q 
Present 0 0 . 0 9 4 8 3  0 . 2 25 1 2  1 .  00 7 80 1 .  0 3 4 0 0  
0 . 00 
Ga zis  0 0 . 0 9 5 8 4  0 . 2 2 5 24 1 .  008 1 �  1 .  0 3 4 0 3  
Present 0 . 0 9 6 7 1 0 . 1 6 4 8 7  0 . 2 6 0 00 1 . 0 1 7 7 3 1 . 0 4 4 9 0  
0 . 1 0  
Gazis 0 . 0 6 1 5 8  0 . 1 6 4 8 4  0 . 2 60 2 7  1 . 0 1 8 2 6  1 .  0 4 5 4 4  
Presen t 0 . 3 1 9 8 0  0 . 5 6 2 7 8  0 . 8 1 3 2 5  1 . 1 38 2 1  1 . 3 4 5 5 0  
0 . 50 
Gazis 0 . 3 2 1 0 1  0 . 5 1 0 6 5  0 . 8 4 1 3 8  1 . 1 3 7 6 7  1 . 3 4 5 2 1  
Present 0 . 7 8 4 7 5  1 .  0 0 4 0 0  1 . 4 1 6 1 0  1 .  4 3 6 2 4  1 . 9 1 6 5 0  
1 . 00 
Gazis 0 . 7 88 5 6  1 .  0 0 4 8 3  1 . 4 1 6 6 5  1 . 4 3 6 1 8 1 . 9 1 6 8 4  
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3 . 00 1 00 
3 . 00 1 1 fl  
3 . 00 0 7 0  
3 . 000 7 6  
3 . 00 0 7 4  
3 . 00068 
3 . 0 7 8 7 0  
3 . 0 7 8 8 0  
1 . 8 5 8 1 0  
1 . 8 5 8 4 5  
1 . 8 1o� 2 2 0  
1 . 84 2 2 9  
1 . 7 4 3 5 0  
1 .  7 4 3 4 4  
2 . 00 8 4 2  
2 . 00 8 7 2  
Tab le 4 . 3  Comparison be tween the presen t  resul ts and Ga zis ' s  re su l t s  for  
s ix f requency f ac tors for H / R  = 0 . 30 and n = 2 ( f irst  lobar mode ) 
Thicknes s  to 
length ra tio Resonan t Frequency Fa c tors 
H/L n 
Present 0 . 0 3 5 6 2 ' 0 . 1 9 1 5 0  0 . 3 5 1 9 4 1 .  0 2 2 1 8  1 . 0 8 2 4 2  
0 . 00 
Gaz i s  0 . 03 5 9 6  0 . 1 9 1 6 1 0 . 3 5 1 4 9 l .  02 2 3 0  1 . 0 82 1 3  
Present 0 . 1 44 2 7  0 . 2 2 6 7 0  0 . 3 8 2 20 1 . 0 2 8 8 3 1 .  0 9 5 40 
0 . 1 0 
Gaz is 0 . 0 5 4 5 6  0 . 2 2 7 8 4 0 . 38 2 4 7  1 .  0 2 9 6 6  1 . 0 94 9 2  
Present 0 . 3 7 9 8 0  0 . 5 8 6 5 6  0 . 8 6 2 3 9  1 . 1 50 8 9  1 .  3 7 7  5 6  
0 . 5 0 
Gazis 0 . 3 3 3 3 2  0 . 5 4 0 0 9  0 . 8 7 9 7 5  1 . 1 50 6 3  1 .  3 7 6 8 3  
Present 0 . 8 0 0 6 0  1 . 0 2 5 6 9  1 . 4 1 8 80 1 . 4 5 4 9 5  1 .  9 3 2 3 5  
1 . 00 
Gaz i s  0 . 80 0 1 5  1 . 0 1 9 1 1  1 .  4 1 7 6 9  1 . 4 5 4 2 1  1 .  9 3 2 2 1 
74 
1 .  8 2 1 5 2  
1 .  8 2 1 3 6 
1 . 8 1 20 1 
1 . 8 1 1 9 1  
1 .  7 4 2 1 2  
1 .  7 4 25 7  
2 . 0 2 5 9 6  
2 . 0 2 6 3 9  
Tab le 4 . 4  Comparison be tween the pres ent resu l t s  and Ga zis ' s  resul t s  f o r  
s ix f requency fa c t ors for H / R  = 0 . 30 and n = 3 ( se cond lobar mod e )  
Thicknes s  to 
leng th ra tio Res onan t Frequency Fa c t ors 
H/L Q 
Present 0 . 09 5 1 2  0 . 2 8 7 1 8  0 . 4 9 3 0 3  1 . 0 44 2 3  1 . 1 5 5 5 0  1 .  7 8 6 60 
0 . 00 
Ga z is 0 . 0 9 5 5 6  0 .  2 8 7� ) 0 . 4 9 3 0 2  1 . 0 4 4 5 3  1 . 1 5 5 1 7  1 . 7 8 6 5 2  
Present 0 . 1 6 6 9 3  0 . 30 9 1 4  0 . 5 1 8 3 9  1 . 0 5 2 6 0  1 . 1 6 7 6 4 1 . 7 8 1 9 1  
0 . 1 0 
Gazis 0 . 1 0 6 38 0 . 3 09 5 1  0 . 5 1 7 7 2  1 . 0 5 1 70 1 . 1 6 7 3 7 1 .  7 8 1 1 6  
Pres ent 0 . 4 0 90 2 0 . 6 0 5 59 0 . 9 3 8 4 8  1 . 1 7 1 90 1 . 4 2 6 8 5  1 . 7 4 3 7 0  
0 . 50 
Ga zis 0 • . 3 5 9 6 7  0 . 5 8 3 6 5 0 . 9 3 7 7 9  1 . 1 7 2 2 0  1 . 4 2 7 0 9  1 .  7 4 38 3  
Present 0 . 9 2 9 0 0  1 .  065 3 2  1 . 43 6 2 4 1 . 4 9 1 7 2  1 .  9 5 6 3 2  2 . 0 5 6 1 7 
1 . 00 
Gazis 0 . 8 1 9 5 6  1 .  0 4 2 26 1 . 4 25 3 7  1 . 4 7 7 4 1  1 . 9 5 64 9  2 . 0 5 6 7 7  
75 
Tab le 4 . 5  Comparison be tween the p resent resu l ts and Gaz is ' s  results f or 
s ix f requency f a c t o r s  for H / R  = 0 . 30 and n = 4 ( third lobar mode)  
T hickness  to 
1 eng th ra t io Resonant Frequency Fac tors 
H/L S'2 
Present 0 . 1 7 0 03 0 . 38 2 1 6 0 . 63 6 9 9  1 . 0 7 6 8 5  1 . 2 4 6 3 2  
0 . oo 
Ga z is 0 . 1 6 9 9 7  0 . 3 8 2 5 8  0 . 6 3 6 9 7 1 . 0 7 7 0 6  1 . 2 4 6 3 5  
Present 0 . 1 8 5 8 8  0 . 3 9 8 3 0  0 . 6 5 6 7 3 1 . 08 2 7 5  1 . 2 5 7 5 7  
0 . 1 0 
Ga zis 0 . 1 7 9 1 7  0 . 3 98 2 5 0 . 6 5 6 6 6  1 . 0 8 2 7 7  1 . 2 5 7 3 9 
Present 0 . 3 8 0 0 9  0 . 6 5 4 3 4  1 . 0 0 9 0 3  1 .  20 2 4 7  1 . 4 9 2 6 0  
0 . 50 
Ga zis 0 . 4 0 1 4 9 0 . 6 3 7 60 1 . 0 08 8 5  l .  20 2 3 3  1 . 4 9 2 6 0  
Pre sen t 0 . 9 3 88 5  1 . 08 8 7 3  1 . 4 5 9 29 1 . 5 3 7 7 0  1 . 9 8 8 4 2  
1 . 00 
Ga z i s  0 . 8 4 6 7 3  1 . 0 7 3 4 9  1 . 43 9 4 5  1 .  50 49 3 1 . 9 8 8 2 7  
T ab le 4 . 6  Comparison be tween the p res ent resul ts and Ga zis ' s  resu l ts f o r  
T 
1 
0 
0 
0 
1 
s ix f requency fac tors for H / R  = 0 . 4 0 and n = 0 
( symmetric rad ia l  vibra tion) 
hickne s s  to 
eng th rat io 
H / L  
. 00 
. 1 0 
. s o 
. 00 
Present 
Ga z is 
Present 
Ga z is 
Present 
Gaz is 
Present 
Gazis 
0 
0 
0 . 1 4 7 44 
0 . 1 5 2 8 9  
0 . 5 5 80 3  
0 . 34 1 0 8  
1 . 0 7 64 1  
0 . 7 9 2 7 4  
Resonant Frequency Fac tors 
Q 
0 . 2 1 8 7 8  1 . 0 0550 1 . 8 8 4 9 8  
0 . 2 1 9 1 5 1 . 0 06 1 6  1 . 8 85 2 1  
0 . 2 2 9 8 7  1 . 0 2 4 0 7  1 . 86 2 7 5  
0 . 2 2 9 8 0  1 . 0 23 3 9  1 . 86 2 5 5  
0 . 8 00 5 7  1 . 3 3805 1 .  74846 
0 . 8 3 0 1 8  1 . 33 8 3 6  1 .  7 48 0 5  
1 . 4 20 3 8  1 .  9 1 4 9 0  2 . 0 0 3 6 6  
1 . 4 2 4 7 4  1 . 9 1 5 1 2  2 . 004 3 1  
2 . 0 0 2 2 4  
2 . 0 0 3 1 5  
2 . 0 3 3 9 2  
2 . 0 3 3 5 0  
2 . 3 3 9 8 7  
2 . 3 3 9 6 6  
2 . 8 3 1 2 7  
2 . 8 3 1 1 8  
1 .  7 5 9 7 2  
1 .  7 5 99 1 
1 . 7 5 7 3 5  
1 . 7 5 7 1 7  
1 .  7 5 1 0 1  
1 . 7 5 0 9 9  
2 . 1 0 04 2  
2 . 1 0 04 8  
3 . 00 1 5 0  
3 .  00 2 1 2  
3 . 00 0 7 0  
3 . 0 0 1 7 1  
3 . 0 0 1 5 0 
3 . 0 0 1 8 1  
3 . 0 80 0 8  
3 . 0 80 1 0  
Tab le 4 . 7  Comparison be tween the p resent results and Ga zis ' s  resul ts for 
s ix frequency fac tors for H/R = 0 . 4 0 and n = 1 ( r igid body mo t ion) 
Th icknes s  to 
leng th ratio Resonant Frequency Fac tors 
H/L Q 
P resent  0 0 . 1 2 7 8 3  0 . 2 9 64 6 1 . 0 1 4 80 1 . 06 2 1 8  1 . 85 1 6 2  
0 . 00 
Ga zis 0 0 . 1 28 1 3  0 . 2 9 6 8 6  1 . 0 1 4 8 5  1 . 06 2 1 7  l .  85 2 0 0  
Pre sent 0 . 09 5 1 2  0 . 1 9 250 0 . 3 2 0 2 4  1 . 0 24 1 3  1 . 0 7 1 6 9  1 . 8 3 8 9 3  
0 . 1 0 
Ga z is 0 . 0 5 6 9 5  0 . 1 9 1 95 0 . 3 2 1 3 8 1 . 0 25 3 8  1 . 0 7 2 7 6  l .  8 3 8 1 0 
Present 0 . 50 4 1 4  0 . 5 7 7 06 0 . 8 2 7 5 3  1 . 1 5 4 1 0  1 . 3 6 0 2 2  1 .  7 4  7 0 1  
0 . 50 
Ga z is 0 . 34 0 7 1 0 . 5 2 0 9 6  0 . 85 3 1 5  1 . 1 5 3 1 1  1 . 3 5 9 2 2  1 .  7 4 6 9 1  
Present 0 . 7 7 9 9 9  1 . 00 5 1 0  1 . 4 1 7 2 8 1 . 4 5 3 7 3  1 . 9 2 45 7  2 . 0 1 4 9 2  
1 . 00 
Ga z i s  0 . 7 9 8 5 8  1 . 0 0 8 9 6  1 .  4 1 8 5 5  1 .  4 5 3 5 1 1 . 9 2 4 3 5  2 . 0 1 5 1 6  
Tab le 4 . 8  Compa rison be tween the present resul t s  and Gazis ' s  resu l ts for  
s ix f re quency f a c tors for  H / R  = 0 . 40 and n = 2 ( f irs t  lobar mod e )  
Thickness to 
leng th ra tio Resonant Frequency Fac tors 
H/L Q 
Present 0 . 06 1 8 3  0 . 2 5 4 89 0 . 45 8 1 5  1 . 0 40 1 0  1 . 1 4 9 3 0  1 .  8 0 1 90 
o . oo 
Ga z is 0 . 06 2 1 1  0 . 2 5 5 9 3  0 . 4 5 7 9 3  1 .  0 40 5  7 1 . 1 4 8 9 4  1 .  80 1 5 9 
Present 0 . 1 5 6 9 5 0 . 2 8 5 3 6  0 . 4 8 1 9 3 1 .  04 7 8 5  1 . 1 60 3 9  1 . 7 9 5 0 0  
0 . 1 0 
Gazis 0 . 0 7 4 5 6  0 . 2 8 5 7 3  0 . 4 8 1 6 2  1 .  04 80 1 1 . 1 60 4 6  1 . 7 9 5 0 1 
Pre s en t  0 . 5 3 2 6 7  0 . 6 1 9 8 5  0 • . 9 0 9 95 1 . 1 7 6 2 5  1 .  4 1 8 7 7  1 .  7 46 8 7  
0 . 5 0 
Gazis 0 . 3 5 44 5  0 . 5 7 3 0 9  0 . 9 1 5 6 6  1 . 1 7 6 7 1  1 . 4 1 88 2  1 . 7 4 6 3 2  
Pres ent 0 . 7 9 7 4 3 1 . 0 2 2 5 2  1 . 4 2 3 5 6  1 . 4 8 6 9 6 l .  94 9 7 8  2 . 0 4 9 6 3  
1 . 00 
Gaz is 0 . 8 1 6 6 0  1 . 0 3 4 94 1 .  4 2 0 7 2  1 . 48 4 7 8  1 . 9 5 0 1 2  2 . 0 49 1 3  
7 6  
77 
Tab le 4 . 9  Comparison b e tween t h e  present results  and Ga zis ' s  re sul ts f o r  
s ix frequency fac tors f o r  H/R = 0 . 40 and n = 3 ( second l ob a r  mode ) 
Thickness  to 
leng th ratio Res onant Frequency Factors 
H/R Q 
Present 0 . 1 5855 0 . 38306 0 . 637 29  l .  08210  1 . 2 7 2 9 4  1 .  7 6 290 
0 . 00 
Gazis 0 . 1 4 935 0 . 38306 0 . 63 7 1 4  1 . 08227  1 . 2 7 3 5 7  1 . 7 6 3 2 1  
Present 0 . 1 8390  0 . 40 1 09 0 . 6563 1  1 . 08906 1 . 2 8404 1 .  759 88 
0 . 1 0 
Gazis 0 . 1 6 77 4  0 . 4006 1  0 . 65 60 1  1 . 08854 l .  2839 1 1 . 7 6045 
Pres ent 0 . 55328  0 . 6 7 375  l .  00347  l .  2 1 5 88 1 . 50 9 1 2  l .  75480 
0 . 50 
Gazis 0 . 39 7 9 4  0 . 6 43 7 4  1 . 00342  1 . 2 1 6 30 1 . 50880  1 .  754 4 1 
Pres ent 0 . 9 2 1 0 7  1 . 1 0495 l .  45367 1 . 5 4 7 1 9  1 . 98 7 8 2  2 . 1 0828 
1 ; oo 
Gazis  0 . 84 7 8 1  1 . 07 5 79 l .  435 1 0  l .  5 2 3 6  7 l .  98837  2 . 1 084 1 
Table 4 . 1 0 Comparison b e tween the present resul t s  and Ga zis ' s  r esult s  for 
s ix frequency fac tors for H / R  = 0 . 40 and n = 4 ( th ird lob ar mode ) 
Thickness to 
leng th ra t io Resonan t Frequency Factors 
H / R  
Q 
Present 0 . 2 7 426  0 . 5 09 1 6  0 . 8 1 5 10 1 . 1 3837  1 .  4 1 8 7 7  1 .  7 46 8 7  
o . oo 
Gazis  0 . 27 4 1 6  0 . 509 2 2  0 . 8 1 5 6 1  1 . 1 384 7 1 . 4 1 9 2 6  1 . 7 4 70 1  
Pre sent 0 . 28 1 0 0  0 . 52 1 5 7  0 . 83068 1 . 1 4385 1 . 4 2828  1 . 74687  
0 . 1 0 
Gaz is 0 . 28 1 34 0 . 5 2 1 3 6  0 . 83022 1 . 1 4 4 1 9  1 . 4 2 79 5 1 .  74684 
Present 0 . 65 79 1  0 . 74 1 9 2  1 . 1 0 1 76 1 . 2 7 13 7  1 . 6 1 3 7 4  1 . 78650 
0 . 50 
Gaz i s  0 . 46 980 ·0 .  7 2697  1 . 1 0 200 1 . 27 1 3 7  1 .  6 1 3 23 1 .  78678  
Present 0 . 8846 2 1 . 0035 1  1 . 1 4 6 1 8 1 . 5 0282 2 . 0369 6 2 . 1 90 7 1  
1 . 00 
Gazis  0 . 89257  1 . 1 2897  1 . 4609 1 1 . 56878  2 . 03657  2 . 1 9 1 28 
78 
Tab le 4 . 1 1  Comparison be tween the present results and Gazis ' s  resul ts for 
s ix f r equency fac tors for H / R  = 0 . 50 and n = 0 ( s�e tric radial 
vibrat ion) 
Thl.ckness tc 
leng th ra tic Resonant Frequency Fac tors  
H/L Q 
Present 0 . 0  0 . 2 7 7 4 4 l .  00 840 1 . 8 9 4 4 8  2 . 00 3 2 5  3. . 00 2 8 4  
o . oo 
Gazis o . o  0 . 2 7 6 7 3  1 .  00 96 9 1 .  8 9 4 0 8  2 . 0050 1 3 . 0 0 3 3 6  
Present 0 . 1 5 06 1 0 . 2 8 2 1 9  1 . 0 2 7 2 4  1 . 8 7 0 6 8  2 . 03 7 1 0  3 . 0 0 2 29 
0 . 1 0 
Gaz is 0 . 1 5 6 9 5  0 . 2 8 2 3 5  1 . 0 2 7 0 1  1 .  8 7 0 3 2  2 . 0 3 6 4 2  3 . 00 2 9 7  
Present 0 . 5 6 5 9 6  0 .- 80 3 7 4  1 . 3 4 4 2 8  1 . 7 5 3 2 1  2 . 3 4 304 3 . 00 3 9 2  
0 . 5 0 
Gazis 0 . 3 6 9 1 9  0 . 8 3 3 3 4  1 . 3 4 3 6 2  1 .  7 5 3 5 4  2 . 3 4 7 3 4  3 . 00 3 2 8  
Pres ent 1 . 0 7 8 7 5  1 . 4 2 3 4 6  1 . 9 1 9 7 7  2 . 00 5 3 6  2 . 8 3 4 2 6  3 . 0 8 1 7 0 
1. 0 0  
Gazis 0 . 80 3 1 7 1 . 43 1 1 0 1 . 9 1 9 93 2 . 00 6 1 2  2 . 8 3 4 6 5  3 . 08 1 80 
Tab le 4 . 1 2 Comp ar ison b e tween the p resent resu l t s  and Ga zis ' s  result s for 
s ix f requency fac tors for H/R = 0 . 5 0 and n = 1 ( r igid body mo t idn) 
Th ickne ss to 
leng th rat i o  Resonant Frequency Fac tors 
H/L Q ' 
Present 0 0 . 1 6 1 1 0  0 . 3 65 4 5  1 . 02 3 7 5  1 . 1 00 1 6  1 . 8 4 5 3 1  
0 . 00 
Gazis 0 0 . 1 6 0 6 9  0 . 3 65 1 3  1 .  0 2 3 8 2  1 . 1 00 3 4  1 .  8 4 60 2  
- . . 
Present 0 . 0 9 3 5 4  0 . 2 1 8 7 8 0 . 3 8 3 6 5  1 . 0 3 5 1 7  1 . 1 0 9 6 7 1 . 8 3 4 20 
0 . 1 0 
Gaz i s  0 . 05 2 1 3  0 . 2 1 8 6 2  0 . 384 1 2  1 . 0 3 4 4 3  1 . 1 1 0 3 7  1 . 8 3 4 1 4  
Present 0 � 50 4 1 3  0 . 5 94 49 0 . 8 4 6 5 4  1 . 1 7 2 80 1 . 3 7 9 5 0 - 1 .  7 5 1 6 3  
0 . 5 0 
Gaz is - 0 . 3 5 88 4  0 . 5 3 6 3 2  0 . 8 6 7 23 1 . 1 7 2 7 3  1 . 3 7 9 80 1 . 7 5 1 5 3  
Present 1 . 0 0 6 6 6  1 . 09 2 2 6  l .  4 1 8 80 1 . 4 7 5 8 6 1 .  9 3 3 9 2  2 . 0 2 4 2 7  
1 . 00 
Gaz i s  0 . 8 1 0 2 7  1 . 0 1 4 7 3  1 . 4 2 1 03 l .  4 7 60 0  1 .  9 3 3 96 2 . 0 2 4 3 1  
7 9  
Tab le 4 . 1 3 Compar is on be tween the present resu l t s  and Ga z is ' s  resu l t s  for 
s ix frequency fac tors for  H / R  = 0 . 50 and n = 2 ( f irs t lobar mod e )  
Th icknes s to 
leng th rat io Resonant Frequency Fact o r s  
H / L  Q 
Pre sent 0 . 09 3 7 4 - 0 . 3 2 0 3 8  0 . 5 5 485 1 . 0 65 25 l .  2 3 8 0 7  1 . 7 8 5 0 7  
0 . 00 
Ga zis  0 . 0 9 3 8 3  0 .  3 20 34 0 . 5 5 4 6 4  1 . 0 6 5 3 3  1 .  2 3 7  5 9  1 . 7 85 1 1  
Pre sent 0 . 1 0 1 00 0 . 3 4 5 60 0 . 5 7 388 1 . 0 7 3 2 1  1 . 24 7 5 8  1 . 7 8 0 3 2  
0 . 1 0 
G a z i s  0 . 1 0 28 9  0 . 3 45 5 6  0 . 5 7 4 1 1  1 . 0 7 2 7 1 1 .  24 7 8 3  1 .  7 80 6 5  
Present 0 . 54 2 1 8  0 . 6 5 6 3 2  0 . 9 5 4 3 3  1 . 2 0 9 5 4  l .  4 7 9 0 0  1 .  7 5 3 2 1  
0 . 50 
Ga z i s  0 . 3 7 3 0 8  0 . 6 1 4 00 0 . 95428 1 . 2 1 0 0 2  1 . 4 7 8 6 7  1 . 7 5 28 8  
Present 1 .  0 2 8 8 6  1 . 1 30 3 1  1 . 4 2 9 8 9  1 . 5 2 6 5 8  1 . 9 7 0 3 8  2 . 0 8 2 9 1 
1 . 00 
Gazis 0 . 8 3 4 1 1  1 . 0 5 6 03 1 . 4 2 505 1 . 5 2 3 2 2  1 . 9 7 0 1 7  2 . 0 8 2 90 
Tab le 4-. 1 4  Comparison be tween the present results and Gaz is ' s  r esul ts for 
s ix frequency fac tors for  H/R = 0 . 50 and n = 3 ( second lobar mod e )  
Thicknes s  to 
length r a t io Resonant Frequency Fa c t o r s  
H / L  Q 
Present 0 . 2 3 1 4 6  0 . 4 7 7 9 3  0 . 7 6 4 1 2  1 . 1 3 1 7 5 1 .  4 2 0·4 5  1 . 7 5 2 8 3  
o . oo 
Gazis 0 . 2 3 25 1 0 . 4 7 7 9 7 0 .  7 6 40 9  1 . 1 3 1 8 3  1 .  4 2 1 0 6  1 . 7 5 28 3  
Present 0 . 2 3 7 8 0  0 . 4 9 1 4 5 0 . 7 7 99 8  1 . 1 3 8 2 4  1 . 4 2 9 9 6  1 .  7 5 3 34 
0 . 1 0  
Gaz is · 0 . 2 3 9 1 6  0 . 4 9 2 5 1  0 . 7 7 9 3 3  1 . 1 38 0 3  1 . 4 2 9 5 2  1 . 7 5 2 1 0  
Present 0 . 5 9 9 2 6  0 . 738 7 6  1 . 06850 1 . 2 7 1 4 1  1 . 6 1 0 6 9  1 . 7 8 1 8 9 
0 . 5 0 
Gaz is 0 . 44 1 2 1 0 . 7 1 206 1 .  0 6 7 6 9  1 .  2 7 2 95 L 6 1 0 7 6  1 . 7 8 280 
Pres ent 1 .  02 4 1 2 1 . 1 50 95 1 . 4 7 7 5 0  1 .  6 04 3 2  2 . 0 1 9 7 1  2 . 1 8 1 3 9  
1 . 0 0  
Gaz is 0 . 8 7 86 4  1 . 1 1 805 1 . 44 90 1  1 . 5 80 1 9  2 . 0 2 1 1 4  2 . 18 1 64 
80 
Tab le 4 . 1 5 Comparison be tween the present results and Ga zis ' s  resu l t s  for  
s ix frequency factors for H / R  = 0 . 5 0 and n = 4 ( third lobar mod e )  
Thickne ss to 
len g th ra tio 
H / L  
Present 0 . 3 8 8 4 1 
0 . 00 
Ga zis  0 . 3 8 8 3 6  
Present 0 . 3 9 4 7 7  
0 . 1 0 
Ga zis  0 . 3 9 3 9 7  
Present 0 . 6 9 5 95 
0 . 50 
Ga zis  0 . 5 50 06 
Present 0 . 9 6 7 05 
1 . 00 
Ga zis 0 . 9 44 60 
Res onant Frequency Fac tors 
0 . 6 3 2 7 3 0 . 9 6 86 0  
0 . 6 3 2 7 6  0 . 96 7 9 8  
0 . 6 4 296 0 . 9 7 9 7 0  
0 . 64 2 7 9  0 . 9 7 9 2 1  
0 . 83 2 2 8 1 . 1 8 7 3 6 
0 . 8 2384 . 1 . 1 8 7 8 1  
1 . 2 1 434 1 . 4 8 8 9 5  
1 . 1 9 5 3 6  1 . 4 90 90 
Q 
1 .  2 20 1 8  
1 .  2 20 0 7  
1 . 2 2 5 5 0  
1 . 2 2 5 7 4  
1 . 3 5 8 5 5  
1 . 35 8 1 7  
1 .  6 3 9 1 4  
1 . 64 6 3 4  
1 . 5 9 94 7  
1 . 5 9 99 0  
1 . 6 0 5 8 1  
1 . 6 05 1 9  
1 . 7 1 4 34 
1 . 7 1 4 2 4  
2 . 0 8 6 1 0  
2 . 0 8 5 8 2  
l .  7 8 6 50 
1 .  7 8 5 8 1  
1 . 7 8 9 30 
1 . 7 8 8 9 1  
1 . 89 8 2 5  
1 .  89 8 20 
2 . 3 0 00 7  
2 .  29 94 9 
Tab le 4 . 1 6 Comparison be tween the p resent resul t s  and Gaz i s ' s  re sul t s  for  
s ix frequency factors for H/R = 1 . 00 and n = 0 ( symme t ric rad ia l  
v ibra tion) 
Thickness to 
l eng th rat io Re sonant Frequency Fac tors 
H/L Q 
Pre s en t  0 0 . 60085 1 . 04 2 85 1 .  99 8 7 8  2 . 0 24 70 3 . 0 1 5 8 5  
0 . 00 
Ga z is 0 0 . 60 0 5 9  1 . 04 1 2 7  1 .  9984 7 2 . 0 2 3 7 1  3 . 0 1 6 3 6  
Present 0 . 1 5 2 9 9  0 . 5 9 7 6 4  1 . 0 6 1 3 6  1 .  9 5 2 3 5  2 . 0 7 6 7 1  3 . 0 1 6 6 9  
0 . 10 
Ga z i s  0 . 1 60 2 9  0 . 5 9 7 8 9  1 . 06 1 20 1 . 9 5 26 4  2 . 0 7 6 8 8  3 . 0 1 6 1 1  
Present 0 . 6 3 3 3 3  0 . 8 6 1 5 8 1 .·3 9 5 85 1 . 8 1 65 5  2 . 3 9 28 5  . 3 . 0 1 8 3 6  
0 . 5 0  
Gaz is 0 . 5 5 3 6 9  0 . 8 7 5 1 3  1 . 3 9 5 66 1 . 8 1 69 1  2 . 3 9 2 9 7  3 . 0 1 8 5 6  
Pres ent 1 . 1 1 28 6  1 . 4 6 7 9 5  1 .  9 7 6 9 1  2 . 0 2 3 6 5  2 . 8 7 6 4 6 3 . 09 8 5 2  
1 . 00 
Gazis 0 . 8 9 200 1 . 4 9 809 1 .  9 7 6 9 6  2 . 02 3 8 8  2 . 8 7 6 3 5  3 . 09 8 8 7  
8 1  
Tab le 4 . 1 7 ComparisoR b e tween the present re sul ts and Gazis ' s  resul ts for 
s ix frequency f a c tors for H / R  = 1 . 00 and n = 1 ( ri g id body mo t ion) 
�hi ckne ss to  
�eng th ra tio Resonant Frequency Fac tor s 
H/L Q 
Pres ent 0 0 . 3 2 6 8 3  0 . 6 26 9 8  1 . 1 1 8 5 3  1 . 46 3 1 7  1 .  83 6 3 2  
b . oo  
Gaz is 0 0 . 3 2 6 9 8  0 . 6 2 7 3 2  1 . 1 1 9 03 1 .  4 6 2 9 4  1 . 83 6 2 7  
0 
Pres ent 0 . 0 9 0 3 6  0 . 3 64 6 1  0 . 6 380 6 1 . 1 2 7 90 1 .  4 7 0 2 3  1 .  83 1 7 4  
b . 1 0 
Gaz is 0 . 0 3 5 6 3  0 . 3 64 5 2  0 . 6 3 7 7 1  1 . 1 2 806 1 .  4 7 0 3 4  1 . 8 3 1 4 3 
Present 0 . 4 9 0 6 5  0 . 7 1 1 7 8  0 . 9 4 8 7 4  1 . 3 0 1 5 4 1 .  6 4 4 6 3  1 . 7 9 8 3 1 
� . 5 0 
Ga z is 0 . 3 9 26 5  0 . 6 7 2 1 2 0 . 9 4 88 5  1 . 30 1 4 2  1 .  64 4 8 5  1 .  7 9 854 
Present 0 . 9 9 94 9  1 . 1 69 8 8  1 . 43 6 1 3  1 . 6 54 2 4 2 . 00 04 1  2 . 1 4 1 4 1  
1 . 0 0  
Gazis 0 . 8 6 58 9  1 . 0 7 65 1  1 . 44 29 2  1 . 65 80 3  2 . 0 00 4 7  2 . 1 4 1 7 7 
Table 4 . 1 8 Compa rison b e tween the present resu l t s  and Ga zis ' s  resul ts f o r  
s ix frequency f ac tors for  H / R  = 1 . 0 0  and n = 2 ( f i rs t lobar mod e )  
Thickness to 
leng th ra tio Res onant Frequency Fact ors 
H/L Q 
Present 0 . 3 1 0 6 6  0 . 6 2 2 1 5  0 . 89094 1 . 3 3 1 1 5  1 . 7 2 8 0 3  1 . 9 7 0 9 5  
o . oo 
Gaz is 0 . '3 1 0 64 0 . 6 2 230 0 . 8 9 2 1 4  1 . 3 3060 1 . 7 2 9 20 1 .  9 7 09 0 
Pres ent 0 . 3 1 2 90 0 . 6 3 7 3 0  0 . 9 03 50 1 . 3"34 8 6.  1 .  7 3 1 00 1 . 9 7 5 2 7  
0 . 1 0 
Gazis 0 . 3 1 2 9 9  0 . 6 3 7 60 0 . 90 3 3 9  1 . 33 5 86 1 . 7 3 0 8 2  1 .  9 75 00 
Present 0 . 6 2 1 4 5  0 . 86 2 4 1  1 . 1 3 5 1 1  1 . 4 6 4 8 3  1 . 7 7 8 7 0 2 . 0 7 3 5 4  
0 . 50 
Ga z is 0 . 4 7 66 1  0 .  85 1 7 9 1 . 1 3 5 7 0 1 . 4 6 5 04 1 . 7 8 0 1 5  2 � 0 75 1 6  
Present 0 . 86 2 3 9  1 . 2 8 7 2 8 1 . 50 28 7  1 . 8 1 2 00 2 . 06 4 1 0  2 . 3 5 5 03 
1 . 00 
Ga zis 0 . 9 1 1 5 3  1 .  2 1 5 2 2 1 . 48 1 4 6 1 . 8 1 254 2 . 0 6 4 2 4  2 . 3 5 5 09 
' .  
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Tab le.  4 . 1 9 Comparison b e tween the pres en t  results and Ga z is ' s  resul t s  f o r  
s ix frequency f ac tors for H / R  = 1 . 0 0  and n = 3 ( s econd l obar mod e )  
Thickne s s  to 
leng th ratio Resonant Frequency Fac tors 
H / L  n 
Present 0 . 6 5 8 7 1 0 . 8 8 3 5 0  1 .  2 1 7 4 2  1 . 6 1 83 5  1 .  7 9 9 1 9  2 . 3 5 1 1 0 
0 . 00 
Ga z i s  0 . 6 5 8 4 9  0 . 8 8 3 6 5  l .  2 1 7 3 3  1 . 6 1 84 2  1 . 7 9 8 9 7  2 . 3 5 09 5  
Present 0 . 6 59 5 0  0 . 8 9 3 2 9  1 .  22534 1 . 6 2 1 7 4 1 .  8 0 2 3 5  2 . 34 7 0 3  
0 . 1 0  ' 
Ga z i s  0 . 6 5 9 5 7  0 . 8 9 3 3 6  1 .  2 2 5 1 0  1 . 6 2 1 8 8 1 . 8 0 2 5 8  2 . 3 4 6 8 3  
Present 0 . 80 6 9 2  1 . 05 8 1 4  1 . 3 7 8 29 1 . 7 2000 1 .  8 8 7 9 3  2 . 3 7 63 8  
0 . 50 
Gazis 0 .  7 40 90 1 . 05 8 1 2  1 . 3 7 8 1 7  1 . 7 200 4 1 . 8 8 8 1 3  2 . 3 7 6 1 4  
Presen t  1 . 1 93 7 3  1 . 43 2 2 5  1 . 6 5 8 8 6  2 . 0 1 8 8 1  2 . 1 9 1 50 2 . 5 5 68 8  
1 . 00 
Ga z i s  1 . 0 60 30 1 . 3 7 80 5  1 . 6 23 8 2  2 . 0 1 9 1 8  2 . 1 9 1 25 2 . 5 5 6 7 7  
Tab le 4 . 20 Comparison b e tween the present resul ts and Gaz is ' s  result s  f or 
s ix f requency f a c tors for H/R = 1 . 00 and n = 4 ( third lobar mode)  
Thickness  to 
leng t h  rat io Re sonant Frequency Fac tors 
H / L  n 
Present 0 . 9 5 9 1 2  1 . 1 2 6 8 5  1 . 5 5 5 04 1 .  9 2 29 5  . 2 . 0 0 3 6 8  2 . 5 8 9 9 5  
o . oo 
Ga zis 0 . 9 5 8 9 7  1 . 1 2 6 3 2  1 .  5 5 53 7 1 . � 2 2 4 2  2 . 0 0330 2 . 5 8 9 8 7  
Present 0 . 9 5 9 7 8  1 . 1 3 34 7 1 . 5 60 5 8  1 .  9 2 5 2 6 2 . 0 07 64 2 . 5 9 1 1 9  
0 . 1 0 
Ga z is 0 . 9 5 9 48 1 . 1 33 8 5  1 .  5 60 5 8  1 . 9 2503 2 . 0 07 5 7  2 . 5 9 1 2 8 
Present 1 . 0 09 84 1 . 2 7 0 5 7  1 .  6 65 1 7  2 . 00 60 5  2 . 0 9 9 5 3  2 . 63 0 7 9  
0 . 50 
Ga z i s  1 . 0 09 6 1  1 .  2 7 06 7  1 .  6 65 3 5 2 .  00 6 1 6  2 . 0 99 6 6 2 . 6 3 09 7 
Present 1 . 3 6 1 7 0 1 . 5 8 7 5 2  1 . 8 6 7 43 2 . 2 5 79 6  2 . 3 7 9 9 5 2 � 7 9 23 7  
1 . 00 . 
Ga z is 1 .  2 4  7 3 4  1 .  5 5 40 1  1 . 8 6 7 1 6  2 . 2 5 7 63 2 . 3 8 0 2 9  2 . 7 9 23 4  
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Tab le 4 . 2 1 Comparison be tween the present results  and Ga zis ' s  resu l ts for 
s ix frequency fac tors for H/R = 1 . 90 and n = 0 ( symme t r i c  rad ial 
vibra t ion) 
Thickness to 
leng th ra tio Resonant Frequency Fac tors 
H/L n 
Present 0 1 . 1 9 1 20 1 . 2 2 8 9 3  2 . 1 8 4 1 5  3 . 1 1 7 5 9  3 . 1 6 8 8 0  
o . oo 
Gaz is 0 1 . 1 9 0 7 8  1 . 2 29 5 6  2 . 1 8 3 5 5  3 . 1 1 84 7  3 . 1 709 0 
Pres ent 0 . 1 54 2 2  1 . 1 5 4 8 6  1 . 2 7 8 3 1  2 . 1 8 5 7 0  3 . 1 1 7 5 5  3 . 1 78 3 3  
0 . 1 0 
Gaz is 0 . 1 60 8 6  1 . 1 5 49 7 1 .  2 7 8 3 8  2 . 1 8 5 7 5  3 . 1 1 7 7 7  3 . 1 7 8 5 4  
Present 0 . 7 2300 1 ·. 1 5 3 60 1 . 6 2 3 5 1  2 . 24 70 7  3 . 1 3 8 6 6  3 . 3 1 9 3 5  
0 . 5 0 
Gaz is 0 . 7 3 5 7 0 1 . 1 5 2 8 5  1 .  6 23 5 5  2 . 2 4 6 8 7  3 . 1 3 8 5 4  3 . 3 2 0 3 2  
Present 1 . 2 4 6 9 8  1 .  7 3 640 2 . 1 30 7 8  2 . 5 2 7 7 8  3 . 2 5 9 1 1  3 . 66 5 7 4 
1 . 0 0  
Gaz is 1 . 0 9 6 68 1 . 7 3 1 5 9  2 . 1 30 8 8  2 . 5 2 7 5 7  3 . 25 9 1 5  3 . 6 6 5 7 8  
Tab le 4 . 2 2 Comparison b e tween the present results and Ga z is ' s  resu l t s  for 
s ix f req uency f ac tors for H/R = 1 . 9 0  and n = 1 ( rigid . b ody mo tion) 
Thicknes s  to 
leng th ratio Res onan t  Frequency Fac tors 
H/L Q 
Present 0 0 . 5 7 1 05 0 . 8 7 50 9 1 . 6 4 8 9 3  1 . 9 9 6 7 4  2 . 20 2 7 1  
o . oo  
Gazis  0 0 . 5 7 205 0 . 8 7 4 1 5  1 . 6 48 83 1 . 9 9 64 8  2 . 2 0 2 3 6  
-
Present 0 . 0 2 4 5 7 0 . 5 95 2 9 0 . 8 8 1 5 0 1 . 6 4 8 7 5  2 . 00 2 2 0 2 . 2 0 5 06 
0 . 1 0 
Gaz is 0 . 0 2 4 8 2 0 . 5 95 6 1  . 0 . 8 8 1 6 7  1 . 6 4 9 20 2 . 00 1 7 3 2 . 2 0 7 86 
Present 0 . 3 5 3 4 5  0 . 9 03 6 2  1 . ·09 0 7 1  1 . 6 8 9 9 7  2 . 09 7 3 0  . 2 . 3 3 6 7 8  
0 . 5 0  
Gaz is 0 . 36 9 9 1  0 . 9 00 70 1 . 09 0 4 9  1 . 6 8 9 95 2 . 09 6 6 8  2 . 3 3 6 1 6 
Pres ent 0 . 9 9 9 9 5  1 . 2 5 7 85 1 . 5 2 6 6 6  2 . 0 1 1 80 2 . 29 5 4 9  2 . 6 29 9 7  
1 . 0 0  
Ga zis 0 . 8 7 96 3  l .  2 4 7 7 6  1 . 5 4 5 5 8  2 . 0 1 1 68 2 . 2 9 5 2 8 2 .  6 29 8 2  
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Tab le 4 . 2 3 · Comparison b e twe en the present results and Ga z is ' s  results for 
s ix fr equency f ac tors for H/R = 1 .  9 0  and n = 2 ( f ir s t  lobar mode ) 
Thickness to 
leng th ra tio Res onant Frequency Fa c tors 
H/L Q 
Present 0 . 7 2 4 8 5  0 . 9 4 7 7 5  1 . 3 5 86 4  2 . 0 7 1 2 0 2 . 4 2 5 4 7  2 . 9 3 2 8 7  
0 . 0 0  
Ga z is 0 . 7 2 5 5 4  0 . 9 4 7 2 7  1 . 3 5 8 7 0  2 . 0 7 9 8 7  2 . 4 2 7 3 8  2 . 9 3 4 1 0  
Pre s en t  0 . 7 2 1 3 3  0 . 9 6 0 7 0  1 . 3 6 3 40 2 . 0 7 9 9 7  2 . 4 30 23 2 . 9 3 5 9 9  
0 . 1 0 
Gazis 0 . 7 2 1 86 0 . 9 6 2 1 3  1 . 3 6 5 60 2 . 08 1 4 1  2 . 4 30 3 1  2 . 9 3 6 80 
Pres ent 0 . 7 2 7 4 3  1 . 1 6 3 6 4  1 . 5 3 1 3 9 2 . 1 27 5 3  2 . 4 9 5 2 1  2 . 99 1 5 4 
0 . 5 0 
Gazis 0 . 7 5 7 4 8  1 . 1 7 2 5 8  1 . 5 30 1 6  2 . 1 28 3 6  2 . 4 9 5 7 8  2 . 9 9 2 5 5  
Present 0 . 9 9 5 60 1 . 4 8 7 0 4  1 . 9 0 8 7 6  2 . 3 6 3 6 2  2 . 6 7 1 3 1  3 . 1 3 5 6 7  
1 . 00 
G a z i s  1 . 05 1 5 8  1 . 4 8 6 1 6  1 .  9 09 5 2  2 . 3 6 3 6 3  2 . 6 7 2 4 1  3 . 1 3 5 7 5 
Tab le 4 . 2 4 Compar ison be tween the present resul ts and Gaz is ' s  results  f or 
s ix f r equency fac tors f or H/ R = 1 . 90 and n = 3 ( s econd lobar mode ) 
Thicknes s to 
leng th ratio Resonant Frequency Fac tors 
H/L Q 
Present 1 . 1 20 90 1 . 30 1 5 0  1 . 8 6 4 3 0  2 . 4 86 1 5  2 . 8 6 9 4 8  3 . 5 1 9.0 3  
0 . 00 
Ga zis  1 . 1 2 1 04 1 . 30 30 0  · 1 .  86 5 4 1  2 . 4 8 5 9 3  2 . 8 70 6 3  3 . 5 1 8 9 3  
Pres ent 1 . 1 20 84 L 3 1 1 8 5  1 . 8 69 1 1  2 . ·48505 2 . 8 7 2 6 4  3 . 5 1 9 2 1  
0 . 1 0 
Gaz is 1 . 1 1 8 9 1  1 . 3 1 2 2 3  1 . 8 7 0 9 8  2 . 48 7 8 2  2 . 8 7 2 8 7  3 . 5 1 69 7 
Present 1 . 1 2 9 1 5  1 . 45 5 2 9  1 . 9 99 0 7  2 . 5 3 0 2 1  2 . 9 24 8 4  3 . 50 8 2 4 
0 . 5 0 
Gaz i s  1 . 1 30 9 8  1 . 4 6 4 6 9  1 . 9 9 8 1 4  2 . 5 3 7 6 1  2 . 9 25 34 3 . 5 1 5 3 6  
Pres ent 1 . 2 9 7 9 5 1 .  7 6 4 4 1  2 . 3 06 6 7  2 . 7 2 983 3 . 0 8 1 86 3 . 5 9 2 1 3  
1 . 0 0 
Gaz i s  1 . 3 1 7 0 5  1 . 7 4 0 4 0  2 . 3 0 1 4 1  2 . 7 3 5 7 5  3 . 08 2 3 5 3 . 5 9 9 2 8  
8 5  
Tab le 4 . 25 Comparison be tween the presen t  resu l ts and Ga zis ' s  results  for 
s ix frequency f a c to rs for H / R  = 1 . 90 and n = 4 ( third lobar mod e )  
Th ic kne s s  to 
leng th ratio Re sonant Frequency Fac tors 
H/L Q 
Pres ent l o 4 6 3 2 6 1 . 64 9 1 5  2 . 3 6 5 25 2 . 8 7 7 7 5  3 . 2 8 5 1 5  3 . 9 3 9 3 7  
o . oo 
Ga zis  1 . 4 6 2 3 7  1 . 64 9 2 4  2 . 3 6 7 6 2 2 . 8 7 89 2 3 . 2 8 9 04 3 . 9 3 3 2 7  
Present 1 . 4 6 3 8 7  1 . 6 5 50 6  2 . 3 7 28 7  2 . 88 2 1 0  3 . 2 8 6 26 3 . 9 34 6 2  
0 . 1 0 
Ga z is 1 . 4 6 2 6 6  1 . 6 5 5 2 1  2 . 3 7 1 8 6 2 . 8 8085 3 . 2 9 1 0 2  3 . 9 3 3 7 7  
Present 1 . 4 7 5 9 5 1 . 7 6 5 5 9  2 . 4 6 9 86 2 . 9 2 8 1 1  3 . 3 3 5 40 3 . 94 7 3 2 
0 . 50 
Ga zis  1 . 4 7 5 86 1 . 7 6 90 9  2 . 4 6 8 1 7 2 . 9 2 96 9  3 . 33 7 95 3 . 9 4 9 7 3  
Pre sent 1 . 6 09 1 2  1 . 99 5 9 4  2 . 704 5 9  3 . 1 0 7 9 5  3 . 4 7 8 20 4 � 0 2 9 6 4  
1 . 00 
Gazis 1 . 6 1 0 5 0  2 . 00 8 6 6  2 . 7 0406 3 . 1 0 6 30 3 . 4 8 3 7 3  4 � 0 2 7 7 6  
86 
T a b l e  4 . 26 H i g h e s t  C o m p u t ed D i s p l a ceme n t  A m p l i t u d e s  a t  E s t i m a ted 
R e s o n a n t  F req u e n cy F a cto r s  fo r H / R = 0 . 30 ,  H / L  = 0 . 1 0  
v = 0 . 30 ,  n = 0 . 0 , a n d  n = 0 .  
F re q u e n cy H i g h e s t  D i s p l a c eme n t s 
F a cto r 
Q u v w 
0 . 1 39 5 1  1 90 . 80 0 . 0  1 9 6 . 70 
0 . 1 9024 1 68 . 20 0 . 0  1 3 6 . 50 
1 .  02C90 2 . 46 0 . 0  2 6 . 07 
1 . 858 6 1  8 1 . 67 0 . 0  3 6 . 9 1 
2 . 03234 1 4 . 90 0 . 0  33 . 9 6 
3 . 00070 4 . 53 0 . 0  9 1 . 9 6 
T a b l e  4 . 2 7 H i g h e s t  C om p u te d  D i s p l a c eme n t  A m p l i t u d e s  a t  E s t i m a ted 
R e s o n a n t F re q u e n cy F a cto r s  fo r H / R = 0 . 30 ,  H / L  = 0 . 1 0  
v = 0 . 30 ,  n = 0 . 0 , a n d  n = 1 .  
F re q u e n cy 
F a cto r 
Q 
0 . 0967 1 
0 . 1 6487 
0 . 2 6000 
1 . 0 1 7 73 
1 .  04490 
1 .  842 2 0  
* N ote : U = 
u G  
p H 0 
H i g h e s t  
u 
65 . 65 
94 . 88 
227 . 20 
0 . 29 
2 . 1 0  
95 . 2 1 
v = 
D i s p l a ceme n t s  
v 
80 . 0 1 
25 . 2 7  
1 74 . 70 
2 . 78 
1 3 . 72 
36 . 64 
vG 
w = 
p H 0 
w 
2 7 . 52 
1 80 . 70 
1 62 . 60 
5 . 64 
7 . 85 
39 . 03 
wG 
p H 0 
87 
T a b l e  4 . 28 H i g h e s t  C om p u ted D i s p l a ceme n t  A m p l i t u d e s  a t  E s t i m a ted 
R e s o n a n t F re q u e n cy F a cto rs fo r H / R = 0 . 3 0 ,  H / L  = 0 . 1 0  
v = 0 . 30 ,  n = 0 . 0 , a n d n = 2 .  
F req u e n cy H i g h e s t  D i s p l a cem e n t s  
F a cto r 
Q u v w 
0 . 1 44 2 7  1 1 3 . 00 1 0 1 . 1 0  2 7 . 00 
0 . 22670 3 5 . 74 1 6 . 87 1 1 4 . 30 
0 . 3822 0  69 . 05 75 . 1 9  44 . 25 
1 .  02 883 0 . 1 2  0 . 43 1 .  85 
1 .  09540 7 . 63 33 . 98 1 3 . 65 
1 . 8 1 2 0 1  648 . 60 4 1 7 . 00 220 . 80 
T a b l e  4 . 29 H i g h e s t  C o m p u ted D i s p l a ce m e n t  A m p l i t u d e s a t  E s t i m a ted 
R e s o n a n t  F re q u e n cy F a cto rs fo r H / R = 0 . 30 ,  H / L  = 0 . 1 0  
v = 0 . 30 ,  n = 0 . 0 , a n d n = 3 .  
F re q u e n cy 
F a cto r 
Q 
0 . 1 6693 
0 . 309 1 4  
0 . 5 1 83 9  
1 .  05260 
1 . 1 67 64 
1 . 78 1 9 1  
u G  
* N ot e : U = -
p H 0 
H i g h e s t  
u 
87 . 2 6 
1 1 . 82 
2 5 . 24 
0 . 09 
1 0 . 3 7 
59 . 48 
v = 
D i s p l a c eme n t s  
v 
65 . 1 6 
9 . 53 
29 . 1 8  
0 . 42 
33 . 9 1 
48 . 98 
v G  
w = 
p H 0 
w 
2 . 98 
64 . 9 7 
1 3 . 42 
1 . 1 3  
1 0 . 04 
1 7 . 23 
wG 
p H 0 
88 
Ta b l e  4 . 3 0 H i g h e s t  C om p u ted D i s p l a c eme n t  A m p l i t u d e s  a t  E s t i m a ted 
R e s o n a n t F re q u e n c y F a cto r s  fo r H / R = 0 . 30 ,  H / L  = 0 . 1 0  
v = 0 . 30 ,  n = 0 . 0 , a n d n = 4 .  
F re q u e n cy H i g h e st D i s p l a c em e n t s 
F a c to r  
S'2 u v w 
0 . 1 8588 1 50 . 30 1 08 . 70 4 . 7 5 
0 . 39830 4 . 69 4 . 83 38 . 2 7 
0 . 65673 36 . 80 40 . 1 5  1 6 . 2 6 
1 .  082 7 5  0 .  1 1  1 .  20 5 . 82 
1 . 25757 32 . 40 82 . 58 1 9 . 2 7 
1 .  75735 39 . 60 38 . 87 1 0 . 27 
T a b l e  4 . 3 1  Va r i a t i o n  of D i s p l a ceme n t s  A m p l i t u d e  w i t h  R e s p ect to 
M a te r i a l  D a m p i n g F a cto r ( n )  a t  t h e  F i r s t  R e s o n a n t  
F re q u e n cy fo r H / R  = 0 . 40 ,  H / L = 0 . 1 0 , v = 0 . 30 ,  a n d 
n = 0 .  
D a m p i n g  
F a cto r 
n 
0 . 00 
0 . 05 
0 . 1 0  
0 . 20 
0 . 30 
* N ot e : U = 
u G  
P H 0 
H i g h e s t  
u 
4 . 4 1 
4 . 84 
4 . 63 
5 . 69 
9 . 80 
v = 
D i s p l a ce m e n t s  
vG 
P H 0 
v 
0 . 0  
0 . 0  
0 . 0  
0 . 0  
0 . 0  
w = 
w 
1 2 . 33 
1 2 . 30 
1 2 . 69 
1 4 . 09 
1 8 . 42 
wG 
p H 0 
T a b l e  4 .  32 Va r i a t i o n of D i s p l a c e m e n t s  Amp I i t u d e  w i t h  R e s p ec t  to 
M a t e r i a l  D a m p i n g  F a cto r ( n ) at t h e  F i rs t R e s o n a n t 
F req u e n cy fo r H / R = 0 . 40 ,  H / L = 0 .  1 0 ,  'V = 0 . 30 ,  a n d  
n = 1 .  
D a m p i n g H i g h e s t  D i s p l a c eme n t s  
F a cto r 
n u v w 
0 . 00 243 . 00 240 . 20 2 58 . 70 
0 . 05 35 . 90 35 . 50 38 . 30 
0 . 1 0 1 9 . 28 1 9 . 04 20 . 73 
0 . 20 1 0 . 1 5  1 0 . 03 1 1 . 20 
0 . 30 6 . 98 6 . 86 7 . 7 5 
89 
T a b l e  4 . 33 Va r i a t i o n  of D i s p l a ceme n t s  A m p l i t u d e w i t h  R e s pect to 
M a t e r i a l D a m p i n g  F a cto r ( n ) a t  t h e  F i r s t  R e s o n a n t  
F re q u e n cy fo r H / R  = 0 . 40 ,  H / L  = 0 .  1 0 , 'V = 0 . 30 ,  a n d 
n = 2 .  
D a m p i n g  
F a cto r 
n 
0 . 00 
0 . 05 
0 . 1 0  
0 . 20 
0 . 30 
* N ote : U = 
u G  
p H 0 
H i g h e s t  D i s p l a cem e n t s  
u v 
55 . 80 49 . 50 
9 . 95 
5 . 03 
2 . 5 1 
1 .  70 
vG 
V = ­
P H 0 
8 . 8 1 
4 . 40 
2 . 20 
1 . 43 
W =  
w 
77 . 1 0 
wG 
p H 0 
1 .  37 
0 . 70 
0 . 3 6 
0 . 24 
Ta b l e  4 . 34 Va r i at i o n  of D i s p l a c eme n t s A m p l i t u d e  w i t h  R e s p ect to 
M a te r i a l  D a m p i n g  F a c to r  ( n )  at t h e  F i r s t  R e s o n a n t  
F req u e n cy fo r H / R  = 0 . 40 ,  H / L  = 0 . 1 0 , v = 0 . 30 ,  a n d  
n = 3 .  
D a m p i n g H i g h e s t  D i s p l a c eme n t s  
F a cto r 
n u v w 
0 . 00 1 6 1 . 1 0 1 2 6 . 70 0 . 66 
0 . 05 8 . 42 6 . 73 0 . 02 
0 . 1 0  8 . 05 6 . 43 0 . 04 
0 . 20 6 . 64 5 . 29 0 . 06 
0 . 30 5 . 54 4 . 40 0 . 07 
T a b l e  4 .  35 Va r i a t i o n  o f  D i s p l a ceme n t s Amp I i t u d e  w i t h  R e s p ect t o  
M a t e r i a l  D a m p i n g  F a cto r ( n )  at t h e  F i r s t  R e s o n a n t  
F re q u e n cy fo r H / R  = 0 . 40 ,  H/L = 0 .  1 0 , v = 0 . 30 ,  a n d 
n = 4 .  
D a m p i n g  
F a cto r 
n 
0 . 00 
0 . 05 
0 . 1 0  
0 . 20 
0 . 30 
* N ot e : U = 
u G 
p H 0 
H i g h e s t  
u 
1 59 . 70 
1 6 . 20 
8 . 20 
4 . 20 
2 . 88 
v = 
D i s p l a ceme n t s 
v 
1 22 . 40 
vG 
p H 0 
1 2 . 88 
6 . 50 
3 . 29 
2 . 24 
w = 
wG 
p H 0 
w 
2 . 98 
0 . 3 5 
0 . 1 8  
0 . 1 0  
0 . 08 
90 
T a b l e  4 . 36 Va r i a t i o n  of F u n d a m e n ta l R e s o n a n t F r e q u e n cy w i t h  
R e s p ect t o  P o i s s o n ' s  R a t i o  a t  D i ffe re n t  H / L fo r 
S y mm et r i c  R a d i a l  V i b ra t i o n  ( H/ R  = 1 . 0 ,  n = 0 ) . 
P o i s s o n ' s  H / L  
R a t i o  
\) 0 . 1 0  0 . 50 1 .  00  
0 . 00 0 . 4 6054 0 . 50096 0 . 8 1 324 
0 . 1 0  0 . 1 4823 0 . 56595 0 . 959 1 3  
0 . 20 0 . 1 53 1 4  0 . 60084 1 .  04000 
0 . 25 0 . 1 5400 0 . 6 1 829 1 . 07490 
0 . 30 0 . 1 5299 0 . 63333 1 . 1 1 286 
0 . 3 5 0 .  1 5 1 25 0 . 65000 1 . 1 5420 
0 . 40 0 . 1 4807 0 . 66743 1 . 20 1 69 
0 . 45 0 .  1 44 74 0 . 68645 1 . 2 6 540 
0 . 495 0 .  1 4 1 73 0 . 70456 1 .  3 7 1 22 
T a b l e  4 . 3 7 Va r i a t i o n  of F u n d a m e n ta l R e so n a n t  F req u e n cy w i t h  
R e s p ect t o  P o i s s o n ' s  R a t i o  a t  D i ffe re n t  H / L  fo r R i g i d 
B o d y  Mot i o n  ( H/ R  = 1 . 0 a n d  n = 1 ) .  
P o i s s o n ' s  H/L  
R a t i o  
\) 0 . 1 0  0 . 50 1 . 00 
0 . 00 0 . 03 1 7 1  0 . 36 1 4 6 0 . 79902 
0 . 1 0  0 . 07 6 1 0  0 . 4423 1 0 . 92742 
0 . 20 0 . 08482 0 . 47245 0 . 97656 
0 . 25 0 . 08800 0 . 48 1 94 0 . 99070 
0 . 30 0 . 0903 6 0 . 49065 0 . 99949 
0 . 35 0 . 097 50 0 . 49780 1 .  00669' 
0 . 40 0 . 09990 0 . 504 1 4  1 . 0 1 1 45 
0 . 45 0 . 1 0067 · a .  50889 1 .  0 1 4 62 
0 . 49 5  0 . 1 1 256 0 . 5 1 2 1 0  1 . 0 1 62 1  
9 1  
Ta b l e  4 . 38 Va r i a t i o n  of F u n d a menta l Reso n a n t F req u e n cy w i t h  
Res pect t o  Po i s son ' s  Rat io  at D i ffe re nt  H / L  fo r t h e  
F i rst  Loba r Mode ( H/ R  = 1 . 0 , n = 2 ) . 
Po i s so n ' s  H/ L 
Rat i o  
" 0 . 00 0 . 50 1 .  00 
0 . 00 0 . 27553 0 . 50000 0 . 84 1 82 
0 . 1 0  0 . 28600 0 . 52 600 0 . 84336 
0 . 20 0 . 29804 0 . 57 6 1 0 0 . 848 1 2  
0 . 25 0 . 30438 0 . 59798 0 . 85 1 60 
0 . 30 0 . 3 1 066 0 . 62 1 45 0 . 86239 
0 . 35 0 . 3 1 786 0 . 64267 0 . 88 1 1 2  
0 . 40 0 . 32578 0 . 66264 0 . 9 1 1 86 
0 . 45 0 . 3337 1 0 . 679 79 0 . 9 6 1 93 
0 . 49 5  0 . 34 1 47 0 .  69 1 5 1 1 . 1 02 73 
Ta b l e  4 . 39 Va r i at i o n  of F u n damenta l Reson a nt F req u e ncy  w i t h  
Res pect t o  Po i s son ' s  Rat i o  a t  D i ffe re n t  H / L  f o r  t h e  
S econ d  Loba r Mode ( H/ R  = 1 . 0 ,  n = 3 ) . 
Po i s so n ' s  H/ L 
Rat i o  
" 0 . 00 0 . 50 1 .  00 
0 . 00 0 . 6 1 2 50 0 . 69 1 2 1  1 .  0 685 1 
0 . 1 0  0 . 62780 0 . 7 1 657 1 . 1 1 29 0  
0 . 20 0 . 64206 0 . 75462 1 . 1 5570 
0 . 2 5 0 . 65000 0 . 77840 1 .  1 7630 
0 . 30 0 . 6587 1 0 . 80692 1 . 1 93 73 
0 . 35 0 . 66584 0 . 84023 1 .  2 09 60 
0 . 40 0 . 67535 0 . 87670 1 .  2 2390 
0 . 45 0 . 683 28 0 . 90840 1 .  23820 
0 . 49 5  0 . 69 1 2 1 0 . 93060 1 . 2 5000 
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Ta b l e  4 . 40 Va r i a t i o n  of F u n damenta l Reson a n t  F req u e n cy w i th  
R e s pect to  Po i s son ' s  Rat io  at D i ffe re nt  H/L  fo r t h e  
T h i rd Loba r Mode ( H/ R  = 1 . 0 ,  n = 4 ) . 
Po i s so n ' s  H / L  
Rat i o  
'V 0 . 00 0 . 50 1 .  00  
0 . 00 0 . 9 1 3 1 6 0 . 96072 1 .  1 6840 
0 .  1 0  0 . 9:90 1 0 . 978 1 6 1 . 24290 
0 . 20 0 . 94486 0 . 9940 1 1 . 30470 
0 . 25 0 . 95 1 20 1 . 00 1 90 1 .  33327 
0 . 30 0 . 959 1 2 1 .  00984 1 . 3 6 1 70 
0 . 35 0 . 9 6457 1 . 024 1 0  1 .  38559 
0 . 40 0 . 97340 1 . 08 1 20 1 .  40778 
0 . 45 0 . 97974 1 . 1 3986 1 .  42205 
0 . 49 5  0 . 98450 1 . 1 73 1 6 1 .  430 1 0 
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F"tg. 4.1 Flt"st six resonant frequency factors for H/R • 0.30 and n • 0 
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Fig. 42 Frst six resonant frequency factors for H/R • 0.30 and· n • 1 
95 
· ' 
2 . 0  
a: 
0 
t-
o 1 . 
5 
< 
u.. 
>-
� 
·w 
::> 
0 1 . 0 
w 
a: 
u.. 
0 . s  
96 
0 . 0+-����--�����--���------����--�����--� 
0 . 0  0 . 2  0 . 4  0 . 6  0 . 8  1 . 0 
H/L 
Ftg. 4.3 Ftrst six resonant frequency factors for H/R • 0.30 and n • 2 
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Ftg. 4.4 Frst six resonant frequency factors for H/R • 0.30 and n • 3 
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Fig. 4.5 First six resonant frequency factors for H/R • 0.30 and n • 4 
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Ftg. 4.6 F�rst six resonant frequency factors for H/R • 0.40 and n • 0 
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Fig. 4. 7 Frst stx resonant frequency factors for H/R • 0.40 and n • 1 
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F'� 4.8 Frst six resonant frequency factors for H/R • 0.40 and n • 2 
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Fag. 4.9 F�rst six resonant frequency factors for H/R • 0.40 and n • 3 
2 . 5r---------------------------------------------------------� 
2 . 0  
c:: 
0 
t­
o 1 . 5 
< L-----------
LL 
> 
.� 
w 
::> 
0 , . 0 
w 
c:: 
u.. 
0 . 5  
0 . 0+,�--�����--�����--������--�����--��� 
1 03 
0 . 0  0 . 2  0 . 4  0 . 6  0 . 8  1 . 0 
H/L 
Fig. 4.10 First six resonant frequency factors for H/R • 0.40 and n • 4 
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Fig. 4.11 F�rst sb< resonant frequency factors for H/R • 0.50 and n • 0 
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Fig. 4.12 First stx resonant frequency factors for H/R • 0.50 and n • 1 
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Fag. 4.13 First six resonant frequency factors for H/R • 0.50 and n • 2 
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Fig. 4.14 First six resonant frequency factors for H/R • 0.50 and n • 3 
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Fig. 4.15 First six resonant frequency factors for H/R • 0.50 and n • 4 
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Fig. 4.16 First sb< resonant frequency factors for H/R • 1.00 and n • 0 
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FIQ. 4.17 First six resonant fre�ency factors for H/R • too and n • 1 
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Fig. 4.18 Fr-st six resonant frequency factors for H/R • 1.00 and n • 2 
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Ftg. 4.19 Ftrst six resonant frequency factors for H/R • 1.00 and n • 3 
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Fig. 4.20 First stx resonant frequency factors for H/R • 1.00 and n • 4 
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Fig. 4.21 First six resonant frequency factors for H/R • 1.90 and n • 0 
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FIQ. 4.22 Frst six resonant frequency factors for H/R • 1.90 and n • 1 
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Fig. 4.23 First six resonant frequency factors for H/R • 1.90 and n • 2 
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Fag. 4.24 First slx resonant frequency factors for H/R • t90 and n • 3 
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Ftg. 425 First six resonant frequency factors for H/R • 1.90 and n • 4 
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F"tg. 4.26 Variation of ampltude wfth respect to damping ratio 
for H/R • 0.40 , H/L • 0.10 and n • 0 
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Ftg. 4.27 Variation of artl)ltude wfth respect to dampilg ratio 
for H/R • 0.40 , HIL • 0.10 and n s 1 
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Ftg. 4.28 Variation of aJi4:>ltude with respect to �ilg ratio 
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Ftg. 4.29 Variation of ampitude with respect to dampi'lg ratio 
for H/R • 0.40 , H/L • 0.10 and n • 3 
0 . 3  
1 23 
2e
,-
----------------------------------------------------� 
1 5 
5 
w 
e +-�����==�==�==T===r=�==��=?==�==T===F-�--� 
e . e  e .  1 0 . 2  e . 3  
DAMPING RATIO 
Fig. 4.30 Variation of amplitude wfth respect to danl:>i'lg ratio 
for H/R • 0.40 , H/L • 0.10 and n • 4 
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Fag. 4.31 Variation of fLndamentaJ resonant frequency factor with 
respect to Poisson l s ratio for H/R • 1.00 and n • 0 
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Fag. 4.32 Variation of fundamental resonant fr�cy factor with 
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Fag. 4.33 Variation of ft.ndamental resonant fr·equency factor with 
respect to Poisson' s ratio for H/R • 1.00 and n • 2 
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F"tg. 4.35 Variation of fundamental resonant frequency factor with 
. respect to Poisson' s ratio for H/R • 1.00 and n • 4 
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C H A PT E R  F I VE 
CO N C LU S I ON S  A N D R E COMM E N DAT I O N S  FO R F U R T H E R  R ES EA R C H  
I n  th i s  c h a pte r ,  t h e  con c l u s ion s a n d  recomme n d at ion s fo r 
fu rt h e r  resea rch a re p resented . 
5 . 1 Con c l u s ion s 
T h e  fo rced v i b ration s of i sot rop i c ,  e l a st ic  ho l l ow cy l i nders 
h a s  been stu d i ed . I n  pa rt i c u l a r ,  by con s i de r i n g  th e p ropagation of 
two types of e l a st i c waves , the dynamic  respon s e  fo r ho l l ow ,  e l ast ic  
cy l i n d e rs h a s  bee n p rov i d ed . The dynamic  res pon s e  has  been 
obta i n ed u s i n g the th ree- d i mens i on a l  t h eo ry of e l ast i c i ty . As a 
res u lt ,  the res u l ts obta i n ed i n  th i s- i n vesti gat ion a re va l i d  fo r both 
th i n  a n d  th i c k  cy l i n de rs . I n  fa ct , these res u lts a re va l i d  i n  t h e  l i m i t  
fo r sol i d  cy l i n de rs . By a s s u m i n g  h a rmon i c  exc itat i o n s  i n  i nf i n ite ly 
long ho l low cy l i n d e rs , th e reson a nt f req u en c i es fo r a w i d e  ra n g e  of 
th i c k n es s es a n d  loba r modes h a ve been p rov i d ed . T h es e  reso n a nt 
f req u e n c i es a re p resented i n  seve ra l ta b l es a n d  f req u e n cy c h a rts . 
T h es e  ta b l es a n d c h a rts ca n be of g reat a s s i sta n ce fo r f ut u re en g i ­
n ee r i n g  des i g n  of cy l i n d r i ca l  st r u ctu res . 
The  reson a n t f req u e n c i es C?bta i n ed i n  th i s  resea rch h a ve 
been compa red to t h e  n atu ra l freq u e n c i es obta i n ed by G a z i s  i n  1 959 
( p u b l i s h ed i n  co n j u n ct ion with A rmena ka s  a n d  H e r rma n n  i n  1 968) . 
T h es e  res u l ts h ave been s hown to ag ree ex cept fo r t h e  f u n damenta l  
1 30 
f req u en cy when H / L  a p p roac h es u n ity . T h ese d iffe ren ces h a ve been 
att r i b uted to the comp utat i o n s  of the Bes sel f u n ct ion s v a l u es fo r both 
i n vestigat ion s .  
T h e  va r i at ion of t h e  fu n damenta l  f req u e n cy with  res pect to 
Po i sson ' s  rat io  h ave bee n fou n d  for d i fferent va l u es of c i rcu mfe rent i a l  
waves . T h e  effect of va ry i ng Poi s son ' s  ratio ove r  t h e  ra n g e  ze ro to 
o n e  h a l f  h ave been p resented . T h e  va l u es of th e fu n damenta l f re­
q u ency h ave been s how n to i n c rea se with i n crea s i n g Poi s so n ' s  rat io . 
T h e  va r i at ion of d i s p l acements amp l itudes with respect to 
mate r i a l  dam p i n g  rat io  h ave been co n s i dered . T h e  effect of va ry i n g  
mate r i a l  damp i n g  rat io  between n = 0 a n d  n = 0 . 30 fo r d i ffe rent va l ­
ues  of c i rcu mfe rent i a l  waves h a ve been stu d i ed . A s  ex pected , t h e  
amp l i tudes o f  d i s p l a cements h a ve been s hown to dec rea s e  l i n ea r l y w i t h  
i n c rea s i n g  mate ri a l  damp i n g . 
F i n a l l y ,  t h e  cou p l i n g effect fo r the fi rst th ree modes h a s  
been d i s c u s sed . T h i s  d i sc u s s ion wa s don e  ove r  a w i d e  ra n g e  of H / R  
a n d  H / L  rat ios , a s  wel l a s  ove r ·f i ve d i fferent n u mbers of c i rc u mfe r­
ent i a l  wa ves . 
5 . 2  Recomme n dat i o n s  fo r F u rt h e r  Resea rch 
At t h e  e n d  of th i s  i n vesti gation , the a u thor  wou l d  l i ke to 
p resent some con s i de rat io n s  fo r fu rth e r  stu d i es i n  t h e  v i b rat ion s of 
ho l low cyl i n d e rs . 
F i rst of a l l ,  i t  s hou l d  be mention ed that t h e  sol ut ion  to t h e  
v i b ration s of h o l low ,  e l a st i c  cy l i n d e rs p resented i n  C h a pte r T h ree i s  
1 3 1  
i n  a ge n era l fo rm ( see eq u at ion s 3 . 40) . As ment ioned ea r l i e r ,  a s s u m ­
i n g  i n fi n ite ly long cyl i n d e rs ,  on l y  s i x  bo u nda ry con d it io n s  n eed to b e  
s ati sf ied . T h e  v i b ration s of i nf i n itely long cy l i n ders h a ve been stu d ­
i ed i n  th i s  i n vest igat ion . Howeve r ,  the method of a n a ly s i s  p resen ted 
h e rei n ca n be exte n d ed to study the v i b rat ion s of f i n i te s i ze cy l i n ­
ders , p rov i d i n g t h e  a p p rop r i ate bou nda ry con d it ion s a re s ati s i f i ed . 
E x pe ri menta l  stu d i es s ho u l d  be u n darta ken to d ete rm i n e  t h e  
n atu ra l  f req u e n c i es o f  ho l low cy l i n de rs . T h i s  wou l d  a l l ow a compa ri ­
son between t h e  ex per imenta l a n d  theo ret ica l res u lts . Mos t  of t h e  
exper imenta l data ava i l a b l e  n owad ays i s  l i m ited to ve ry t h i n  s h e l l s . 
H e n ce ,  ex pe r imenta l d ete rmi nat ion of reso n a nt f req u e n c i es fo r t h i c ke r  
cyl i nders i s  v ita l l y n eed ed . 
A not h e r  a rea fo r futu re resea rc h i s  th e damp i n g  t reatment 
on ho l low cy l i n ders  fo r a l l  pos s i b l e -modes . The  t h eo ry of v i scoe l a st i c  
d amp i n g h ave b ee n  w ide ly  i n  the  v i b ration atten u at ion  o f  t h e  ra d i a l  
a n d  to rs i o n a l  modes . H oweve r ,  the  damp i n g of a x i a l  mod es h a s  not 
been s u cces sf u l l y u n d e rta ken . 
Based on  t h e  t h eo ret ica l  tech n i q u e  p resented h e re i n ,  a n  
on - l i n e  ea r ly wa rn i n g system fo r i d entif ication of fati g u e  ·c rac ks i n  
cy l i n d ri ca l  st r u ctu res , s u ch a s  p i p i n g  a n d  con ta i nment v es s e l s i n  
n u c l ea r  powe r p l a n ts ca n be devel oped . 
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T h e  com p u te r  p rog ram u s ed i n  most of t h e  com p utat ion s 
i n  th i s  i n vest i g at ion  i s  l i sted i n  the  pages to fo l low . T h e  ex p l a n a ­
tion s of t h e  i n p u t  a n d outp ut  pa ramete rs a re depi cted a s  comment 
statements th ro u g htout  the  comp ute r cod i n g . 
A s  ment ioned i n  C h a pter Fou r ,  th i s  p rog ram wa s u s ed to 
com pute the reso n a nt f req u e n cy facto rs ( Ta b l es 4 .  l to 4 .  25) . T h e  
res u lts l i sted i n  ta b l es 4 . 26 to 4 . 40 we re a l so obta i n ed by u s i n g a 
mod i f i ed ve rs i o n  of th i s  p rog ram . The neces sa ry mod i f i cat ion s 
we re out l i n ed i n  C h a pte r Fou r .  
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c 
c 
COMPLEX S ( 6 , 6 ) , T ( 9 , 6 ) , S I GMA ( 6 ) , A ( 6 ) , U ( 9 ) , 5 I ( 6 , 6 ) 
COMPLEX G , LAM , XI , PH I , Vl , V2 
COMMON Vl , V2 , XI , PH I , GAMA , LAM , G 
REAL NU , UABS ( 9 )  
P IE=4 . 0 * ATAN ( l . ) 
ER= l . OE- 2 0  
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
* * * * 
* *  IN I T IAL I ZE : * * 
* * ROW = Mass dens i ty o f  the materi al * * 
* * G = Shea-r modulus of the mate ri al * * 
* * NU = P o i s s on ' s rati o of the mate ri a l  * *  
* * H = Thi ckne s s  o f  the cylinder * *  
* * HDR = Thi ckne s s  t o  mean radius ratio * *  
* * HDL = Thi ckne s s  to length rati o * * 
* * N = Number of ci rcumferenti a l  wave.s * * 
* * OME = Exci ting frequency in Hz * * 
·* * DOME= I ncrement o f  exc i ting frequency ( Hz )  * *  
* * * * 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
ROW=0 . 000725 
NU=0 . 3 0  
G= { l l 5 3 8 4 6 1 . 0 , 0 . 0 ) 
H=l . OO 
HDR=O . SO 
N=O 
HDL=1 . 0E- 10 
OME= l O . O  
DOME=S . O  
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
* *  * * 
* *  COMPUTE : * *  
* * LAM = L·ame ' s constant * *  
* * Vl = Ve l o c i ty o f  di l atati ona l wave s * *  
* * V2 = Ve l o c i ty o f  di storti onal wave s * *  
* * GAMA = Wave numbe r  in axi a l  di recti on * *  
* * R = Mean radius * *  
* * RA = I ns i de radius * *  
* *  .RB = Out side radius * *  
* * * *  
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
LAM=2 . O *NU/ {  1 .  0 - 2 . *NU ) * G  _ 
Vl=CSQRT ( ( LAM+2 . *G ) /ROW ) 
V2 =CSQRT ( G/ROW ) 
GAMA=P � E/ ( H/HDL )  
R=H/HDR 
RA=R-H/2 . 
RB=R+H/2 . . 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
* *  * *  
* *  Spec i fy boudari e s  stres s e s  * * 
* *  * *  
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
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1 5  
2 0  
900 
9 10 
9 2 0  
9 3 0  
D O  10 I = 1 , 6 
s I GMA ( I ) = ( 0 . I 0 . ) 
S I GMA ( 1 ) = ( 1 000 . , 0 . ) 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
* *  * *  
* * 
* * 
* *  
* *  
* * 
* *  
PR I NT : Poi s s on ' s rati o , inside radius 
mean radius , cylinder ' s  thickne s s , number 
numbe r  o f  c i rcumferenti al wave s ,  thi ckne s s  
t o  meari radius rati o ,  and thi ckne s s  -to ­
length rati o 
* *  
* *  
* *  
* * 
* *  
* * 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
WR I TE ( 1 , 9 0 0 ) NU  
WR I TE ( 1 , 9 1 0 ) RA , H , R 
WR I TE ( 1 , 92 0 ) HDR , N , HDL 
DO 2 0  I = 1 , 1000 
* * * * * * * * * * * * * * * * * * * * * * * * * ** * * * * * * * * * * * * * * * * * * * * * * * * * * 
* *  * *  
* *  I nc re ase exc i ting frequency ( radjsec ) * *  
* *  Compute XI and PH I ( see equati ons 3 . 1 7 )  * * 
**  * * 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
OME= ( OME+DOME ) * 2 . 0 * P I E  
XI =CSQRT ( ( OME/V2 ) * * 2 - GAMA* * 2 ) 
PHI =CSQRT ( ( OME/Vl ) * * 2 - GAMA* * 2 ) 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
* *  
* * Generate matrix :s� using SMAT 
* *  Generate matrix [� using TMAT 
* *  So lve [SC [� = :s i GMW _for :A: using MET2 0 4  
** Compute lU: = LTC �A[ using MET1 1 3 
* * 
* * 
* * 
* * 
* *  
* *  
* * 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
CALL SMAT ( N , OME , RA , RB , S )  
CALL TMAT ( N , RA , OME , T ) 
CALL MET2 04 ( S , 6 , S I GMA , A , S I , ER )  
CALL MET 1 1 3 ( T , A , 9 , 6 , U ) 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * k * * * * * * * * * * * * * * * * 
* *  * *  
* *  Compute frequency fac tor OF * * Compute al:)so lute value of �u: = : uABSQ 
* *  Print frequency factor and · UAB s: 
* * I terate unti l LOOP 2 0  i s  completed · * *  
* * 
* *  
* *  
* *  
* * 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
OME=OME/ ( 2 . * P I E ) 
DF=2 . *H*OME/V2 
DO 15 J= l , 9  
UABS ( J ) =CABS ( U ( J ) ) 
WR I TE ( 1 , 9 3 0 ) DF , ( UAB S ( JR ) , J'R= l , 9 )  
CONT INUE 
FORMAT ( T lO , ' PO I S SONS RAT I O = '  , F4 . 2 )  
FORMAT ( T l O , ' RA  = '  , F6 . 2 , 5X , ' H= '  , F6 . 2 , 3X ,  ' R  = ' , F6 . 2 )  
FORMAT ( � lO , ' H/R = '  , F5 . 3 , 5X , ' N = '  , I 2 , 5X , ' H/L = '  , E l 0 . 3 )  
FORMAT ( F7 . 5 , 9E l2 . 4 ) 
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STOP 
END 
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
c * *  * *  
C * *  S M A T * *  
C * *  TH I S  SUBROUT INE GENERATES MATRI X  S FOR * *  
C * *  GIVEN VALUES OF : * *  
C * *  N = NUMBER OF C IRCUMFERENTI AL WAVE S * *  
C * *  OME = EXC I T I NG FREQUENCY * *  
C * *  RA = I NS I DE RAD IUS * *  
C * *  RB = OUTS IDE RAD IUS * *  
c * *  * *  
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
SUBROUT INE SMAT ( N , OME , RA , RB , S )  
COMMON V1 , V2 , XI , PHI , GAMA , LAM , G 
COMPLEX V1 , V2 , WN , DWN , D2WN , ZN , DZN , D2 ZN 
COMPLEX S ( 6 , 6 ) , LAM , G , XI , PHI 
XN=FLOAT ( N )  
XA=CABS ( XI )  
PA=CABS ( PHI ) 
DO 5 I =1 , 6 
DO 5 J=l , 6  
5 S ( I , J ) = ( O . , O . ) 
R=RA 
DO 1 0  I =1 , 2  
CALL BESGEN ( 1 , N , R , WN , DWN , D2WN , ZN , DZN , D2 ZN , OME ) 
S ( I , l ) =-LAM* ( PA* * 2 +GAMA* * 2 ) * ZN+2 . *G* PA* * 2 *D2 ZN 
S ( I , 4 ) =- LAM* ( PA* * 2 +GAMA* * 2 ) *WN+2 . *G* PA* * 2 * D2WN 
S ( I +2 , 1 ) =- 2 . *G*XN* { DZN*PA/�- ZN/R* * 2 ) 
S { I +2 , 4 ) =-2 . *G*XN* ( DWN*PA/R-WN/R* * 2 ) 
S { I + 4 , 1 ) =- 2 . *G*GAMA* PA*DZN 
S { I + 4 , 4 ) =-2 . *G*GAMA* PA*DWN 
10 R=RB 
R=RA 
DO 2 0  ! = 1 , 2  
CALL BESGEN { 2 , N , R , WN , DWN , D2WN , ZN , DWN , D2 WN , OME ) 
S ( I , 2 ) =2 . *G* XN* ( .XA*DZN/R- ZN/R* * 2 ) 
S ( I , 5 ) =2 . *G* XN � ( XA*DWN/R-WN/R* * 2 ) 
S ( I +2 , 2 ) =- G* ( XA* * 2 *D2 ZN-XA*DZN/R+XN*XN* ZN/R* * 2 ) 
S ( I +2 , 5 ) =-G* ( XA* * 2 *D2WN-XA*DWN/R+XN*XN*WN/R* * 2 )  
S ( I + 4 , 2 ) =-G*XN*GAMA* ZN/R 
S ( I + 4 , 5 ) =- G*XN*GAMA*WN/R 
2 0  R=RB 
R=RA 
XN=XN+ 1 . 0 
DO 3 0  ! = 1 , 2  
CALL BESGEN ( 2 , N+ l , R , WN , DWN , D2WN , ZN , DZN , D2 ZN , OME ) 
S ( I , 3 ) =2 . *G*GAMA*XA*DZN 
S ( I , 6 ) =2 . *G*GAMA* XA*DWN 
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S ( I + 2 , 3 ) =G*GAMA* ( XA*DZN-XN* ZN/R ) 
S ( I +2 , 6 ) =G*GAMA* ( XA*DWN-XN*WN/R ) 
S ( I + 4 , 3 ) =G* ( XN* ZN/R* * 2 -GAMA* * 2 * ZN-XN*XA*DZN/R-XA* * 2 *D2 ZN )  
S ( I + 4 , 6 ) =G* ( XN*WN/R* * 2 -GAMA* * 2 *WN-XN*XA*DWN/R-XA* * 2 *D2WN )  
3 0  R=RB 
c 
c 
c 
c 
c 
c 
c 
c 
c 
5 
RETURN 
END 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
* *  * *  
* *  T M A T * *  
* *  THI S  SUBROUT I NE GENERATES MATRIX T G I VEN : * *  
* *  N = NUMBER O F  C I RCUMFERENT IAL WAVES * *  
* *  R = ANY RAD I US IN THE CYL INDER * *  
* *  OME =. EXC I T I NG FREQUENCY * *  
* *  * *  
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * � * * * * * * * * * * * * * * *  
SUBROUT I NE TMAT ( N , R , OME , T ) 
COMMON Vl , V2 , X I , PH I , LAM , G 
COMPLEX Vl , V2 , WN , DWN , D2WN , ZN , DZN , D2 ZN 
COMPLEX T { 9 , 6 ) , XI , PHI , LAM , G  
XN=FLOAT ( N )  
XA=CABS ( XI ) 
PA=CABS ( PH I ) 
DO 5 I = 1 , 9  
DO 5 J= 1 1 6 
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T ( I , J ) = ( O .  , 0 . ) 
CALL BES.GEN ( 1 1  N ,  R ,  WN ,  DWN , D2WN 1 ZN , DZN 1 D2 ZN 1 OME ) 
T ( l , 1 ) =- LAM* ( PA* * 2 +GAMA* * 2 ) *ZN+2 . *G*PA* * 2 *D2 ZN 
T ( l , 4 ) =- LAM* ( PA* *2 +GAMA* * 2 ) *WN+2 . *G*PA* *2 *D2WN 
T ( 2 1 1 ) = ( LAM* ( PA* * 2 +GAMA* * 2 ) +2 . *G*XN* * 2/R* * 2 ) * ZN-2 . * G* PA*DZN/R 
T ( 2 1 1 ) =-T ( 2 1 1 )  
T ( 2 1 4 ) = ( LAM* ( PA* * 2 +GAMA* *2 ) +2 . *G*XN* *2/R* *2 ) *WN-2 . * G* PA*DWN/R 
T ( 2 I 4 )  =-T ( 2 I 4 )  . 
T ( 3 1 1 ) = ( - LAM* ( PA* * 2 +GAMA* * 2 1 -2 . *G*GAMA* * 2 ) * ZN 
. T ( 3 1 4 ) = ( - LAM* ( PA* * 2 +GAMA* * 2 ) -2 . *G*GAMA* * 2 ) *WN 
T ( 4 1 1 ) =- 2 . * G*XN* ( DZN*PA/R- ZN/R* *2 ) 
T ( 4 , 4 ) =- 2 . * G*XN* ( DWN* PA/R-WN/R* *2 ) 
T ( 5 1 1 ) =-2 . *G*GAMA*PA*DZN 
T ( 5 1 4 ) =- 2 . * G* GAMA*PA*DWN 
T ( 6 , 1 ) =2 . * G*XN*GAMA* ZN/R 
T ( 6 , 4 ) =2 . * G*XN*GAMA*WN/R 
T ( 7 , 1 ) =PA*DZN 
T ( 7 1 4 ) =PA*DWN 
T ( 8 � 1 ) =-XN* ZN/R 
T ( 8 1 4 ) =-XN*WN/R 
T ( 9 1 1 ) =- GAMA* ZN 
T ( 9 1 4 ) =-GAMA*WN 
CALL BESGEN ( 2 1 N 1 R 1 WN 1 DWN 1 D2WN , ZN , DZN 1 D2 ZN , OME ) 
T ( l , 2 ) =2 . *G*XN* ( XA*DZM/R- ZN/R* * 2 ) 
T ( l , S ) =2 . *G* XN* ( XA*DWN/R-WN/R* * 2 ) 
T { 2 , 2 ) =- T ( l , 2 )  
T ( 2 , 5 ) =-T ( l , S )  
T ( 4 , 2 ) =-G* ( XA* *2 *D2 ZN-XA*DZN/R+XN* XN* ZN/R* * 2 ) 
T ( 4 , 5 ) =-G* ( XA* * 2 * D2WN-XA*DWN/R+XN*XN*WN/R* * 2 ) 
T ( S , 2 ) =-G*XN*GAMA* ZN/R 
T ( S , S ) =-G*XN*GAMA*WN/R 
T ( 6 , 2 ) =G*GAMA*XA*DZN 
T ( 6 , S ) =G*GAMA*XA*DWN 
T ( 7 , 2 ) =XN* ZN/R 
T ( 7 , 5 ) =XN*WN/R 
T ( 8 , 2 ) =-XA*DZN 
T ( S , S ) =-XA*DWN 
XN=XN+ l .  0 
CALL BESGEN ( 2 , N+ l , R , WN , DWN , D2WN , ZN , DZN , D2ZN , OME )  
T ( l , 3 ) =2 . *G*GAMA*XA*DZN 
T ( l , 6 ) =2 . * G*GAMA*XA*DWN 
T ( 2 , 3 ) =2 . *G*GAMA*XN* ZN/R 
T ( 2 , 6 ) =2 . *G*GAMA*XN*WN/R 
T ( 3 , 3 ) =- 2 . * G* GAMA* ( XN* ZN/R+XA*DZN ) 
T ( 3 , 6 ) =- 2 . *G*GAMA* ( XN*WN/R+XA*DWN ) 
T ( 4 , 3 ) =G*GAMA* ( XA*DZN-XN* ZN/R ) 
T ( 4 , 6 ) =G*GAMA* ( XA*DWN-XN*WN/R ) 
T ( S , 3 ) =G* ( XN* ZN/R* * 2 - GAMA* * 2 * ZN-XN*XA*DZN/R-XA* * 2 *D2ZN ) 
T ( 5 , 6 ) =G* ( XN* WN/R* * 2 -GAMA* * 2 *WN-XN*XA*DWN/R-XA* * 2 *D2WN )  
XN=XN- 1 . 0 
T ( 6 , 3 ) =G* ( XN*XA* DZN/R+ ( XN* *2 +XN ) *ZN/R* * 2 -GAMA* * 2 * ZN )  
T ( 6 , 6 ) =G* ( XN*XA*DWN/R+ ( XN* *2 +XN ) *WN/R* * 2 -GAMA * * 2 *WN ) 
T ( 7 , 3 ) =GAMA* ZN 
T ( 7 , 6 ) =GAMA*WN 
T ( 8 , 3 ) =T ( 7 , 3 )  
T ( 8 , 6 ) =T ( 7 , 6 ) 
T ( 9 ,  3 ) =- ( XA*DZN+ZN* ( XN+ l .  0 ) /R ). T ( 9 , 6 ) =- ( XA*DWN+WN* ( XN+ l . O ) /R )  
RETURN 
END 
c * * * * ** * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
* *  
. ** 
* *  
* *  
** 
** 
** 
* *  
** 
* *  
* * 
B E s G E N * *  
· Thi s subroutine c ompute s the appropi ate Be s s e l  * * 
funct i ons and thei r  derivative s for given : * *  
K = F l ag indic ating argument o f  Be s se l  fuc ti on * * 
( see table 3 . 1 ) * *  
N = Numbe r of c i rcumferenti al wave s * * 
R = R- c o o rdinate o f  a po int in the c y l i nder * *  
OME = Exc i ting frequency * * 
* * 
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * ** * * * * * * * * * * * * * * * * * * * * * * * 
SUBROUT INE BESGEN ( K , N , R , WN , DWN , D2WN , ZN , DZN , D 2 ZN , OME ) 
COMMON Vl , V2 , XI , PH I , GAMA , LAM , G 
COMPLEX Vl , V2 , Z , AR , G , LAM , XI , PHI 
COMPLEX WN ,  DWN ,.D2WN ,  ZN , DZN , D2 ZN 
XN=FLOAT ( N )  
I F ( K . EQ . 2 ) GO TO 10 
AR=PHI 
GO TO 2 0  
1 0  AR=X I 
2 0  X=R* REAL ( AR )  
Y=R* A I MAG ( AR )  
Z=CMPLX ( X , Y )  
X=CABS ( Z )  
Y=O . O  
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60 
100 
200 
c 
c 
c 
c 
c 
c 
c 
io 
c 
c 
c 
c 
c 
c 
c 
10 
c 
c 
c 
c 
c 
c 
c 
Tl=CABS ( V1 * GAMA )  
T2=CABS ( V2 * GAMA ) 
I F ( OME . GT . Tl ) GO TO 100 
I F ( OME . GT . T2 . AND . OME . LT . T1 ) GO TO 200 
CALL KAI ( WN , DWN , D2WN , ZN , DZN , D2 ZN , N , X , Y )  
RETURN 
CALL JAY ( ZN , DZN , D2 ZN , WN , DWN , D2WN , N , X , Y )  
RETURN 
I F ( K . EQ . 2 ) GO TO 100 
GO TO 60 
END 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
* *  
* *  M E T 1 0 9 
* *  MULT I P L I CAT I ON OF A COMPLEX SQUARE MATRI X  
* *  BY A COMPLEX VECTOR 
* *  
* *  
* * 
* *  
* * 
* *  
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
SUBROUT I NE MET1 09 ( A , B , N , C )  
COMPLEX A ( N , N ) , B ( N ) , C ( N )  
DO lO I =l , N  
C ( I ) = ( O .  , 0 . ) 
DO 1 0  J=1 , N  
C ( I ) =C ( I ) +A ( I , J ) *B ( J )  
RETURN 
END 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
* *  * *  
* *  
* *  
* * . 
* *  
M E T 1 - 1 3 
MULT I PL I CATI ON OF A RECTANGULAR MATR I X  
BY A VECTOR ( COMPLEX ) .  
* * 
* *  
* * 
* * 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
SUBROUT INE MET 1 1 3  ( A , V , N , M , C )  
COMPLEX A ( N , M ) , V ( M ) , C ( N )  
DO 1 0  I =1 , N  
C ( I ) = ( O . , O . ) 
DO 1 0  J=1 , M  
C ( I ) =C ( I ) +A ( I , J ) *V ( J )  
CONTI NUE -
RETURN 
END 
* * * ** * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
* *  * *  
* *  
* *  
* *  
* *  
M E T 1 2 2 
INVERS I ON OF A COMPLEX MATRI X  
( P I VOT I N� ) 
* *  
* *  
* *  
* *  
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
SUBROUT I NE MET1 2 2  ( A , B , N , ER )  
COMPLEX A ( N , N ) , B ( N , N )  
COMPLEX CC , D , S , F  
DO 3 I = 1 , N  
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1 
2 
3 
4 
5 
6 
7 
8 
9 
1 0  
1 1  
12 
13  
14 
15 
1 6  
c 
c 
c 
c 
c 
c 
c 
DO 3 J= l , N  
I F ( I - J ) l , 2 , 1  
B ( I , J ) = ( O .  , 0 . ) 
GO TO 3 
B ( I , J ) = ( l . , 0 . ) 
CONTI NUE  
D O  1 1  J=l , N 
DO 6 I =J , N  
I F ( CABS ( A ( J , J ) ) -CABS ( A ( I , J ) ) ) 4 , 6 , 6  
DO 5 K=l , N  
CC=A ( I , K ) 
A ( I , K ) =A ( J , K ) 
A ( J , K ) =CC 
D=B ( I , K ) 
B ( I , K ) =B ( J , K ) 
B ( J , K ) =D 
CONT INUE 
CONTINUE 
I F ( CABS ( A ( J , J ) ) -ER ) 14 , 1 4 , 7 
DO 1 0  I = 1 , N  
I F ( I -J ) 8 , 1 0 , 8  
S=A ( I , J ) /A ( J , J )  
DO 9 L=1 , N  
A ( I , L ) =A ( J , L ) * S -A ( I , L ) 
B ( I , L ) =B ( J , L } * S -B ( I , L ) 
CONT INUE 
CONT INUE 
CONT INUE 
DO 13 I = 1 , N  
F=A ( I , I )  
A ( I , I ) = ( 1 . , 0 . ) 
DO 12 J= 1 , N  
B ( I , J ) =B ( I , J ) /F 
CONT INUE 
CONTI NUE 
GO TO 1 6  
WRI TE ( 6 , 1 5 )  
FORMAT ( ///// , 10X , ' MATRI X  I S  S I NGULAR ' ) 
STOP · 
RETURN 
END 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
* *  
* *  
* *  
* *  
M E T 2 0 4 
SOLUT I ON FOR A COMPLEX SYSTEM OF EQUATI ONS 
( NXN ) . " P IVOT I NG "  
* *  
* *  
* *  
* *  
* *  * *  
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
SUBROUT I NE MET2 0 4  ( A , N ,  B ,  X ,  AI ,· ER ) 
COMPLEX A ( N , N ) , A I ( N , N ) , B ( N ) , X ( N )  
CALL MET122 ( A , A I , N , ER )  
CALL MET109 ( A I , B , N , X ) 
RETURN 
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c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
1 
7 
8 
9 
1 0  
1 3  
1 1  
12 
END 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * ** * * * * * * * * * * * * * * * * * * * *  
* *  J A y  * *  
* *  Thi s subroutine compute s the value s for * *  
* *  the Be s se l  functi ons o f  the fi rst and * *  
* *  sec ond kind a s  we l l  a s  thei r  fi rst and * *  
* *  second derivative s  * *  
* *  JN = Be s se l  functi on of the fi rst kind * *  
* *  YN = Be s se l  funct i on o f  the sec ond kind * *  
* *  DJN , DYN = Fi r st derivative of � and YN * *  
* *  D2 JN ,  D2YN = - Sec ond de rivative of JN and .YN * *  
* *  N = Order o f  Be ssel functi on * *  
* *  X and Y =  Re al , imaqinary part o f  the arqument * *  
* *  * *  
* * * * * * * * * * * * * * * * * * * * * * * * * * * �* * * * * * * * * * * * * * * * * * * * * * * * * *  
SUBROUT I NE  JAY ( JN , DJN , D2 JN , YN , DYN , D2YN , N , X , Y )  
D IMENS I ON BJRE ( lOO ) , BJ I M ( l OO ) , YRE ( 100 ) , YI M ( 1 0 0 ) 
COMPLEX JN , DJN , D2 JN , YN , DYN , D2YN, Z 
XN=FLOAT ( N )  
Z=CMPLX ( X , Y )  
I F ( N . NE . O ) GO TO 1 
CALL COMBES ( X , Y , O . , O . , l , BJRE , BJ I M , YRE , Y I M )  
JN=CMPLX ( BJRE ( 1 ) , BJ I M ( 1 ) ) 
YN=CMPLX ( YRE ( 1 ) , Y I M ( 1 ) ) 
DJN=- CMPLX ( BJRE ( 2 ) , BJ IM ( 2 ) )  
DYN=-CMPLX ( YRE ( 2 ) , Y I M ( 2 ) ) 
D2 JN=- JN-DJN/Z 
D2YN= -YN-DYN/Z 
RETURN _ 
- CALL COMBES ( X ,  y I 0 .  I 0 .  , N , BJRE I BJIM , YRE , YI.M ) 
JN=CMPLX ( BJRE ( N+ l ) , BJ IM ( N+ 1 ) ) 
YN=CMPLX ( YRE ( N+ l ) , YIM ( N+ l ) )  
DJN=-XN* JN/Z+CMP LX ( BJRE ( N ) , BJIM ( N ) ) 
DYN= - XN*YN/Z+CMP LX ( YRE ( N ) , YI M ( N ) ) 
D2 JN= ( - Z* * 2 +XN+XN* *2 ) /Z* *2 * JN-CMP LX ( BJRE ( N ) , BJ I M ( N ) ) /Z 
D2YN= ( - Z* * 2 +XN+XN* * 2 ) /Z* * 2 *YN-CMPLX ( YRE ( N ) , Y I M ( N ) ) /Z 
RETURN 
END 
SUBROUT INE COMBES ( X , Y , ALPHA , �ETA , N , BJRE , BJIM , YRE , YI M )  
D IMENS I ON - BJRE ( 1 00 ) , BJ IM ( 1 00 ) , YRE ( SO ) , Y IM ( S O )  
CALL START l ( X , Y , N , K , R )  
CALL JRECUR ( X , Y , ALPHA , BETA , K , R 1 BJRE , BJ IM ) · 
CALL JSUM ( ALPHA 1 BETA 1 K 1 BJRE , BJ IM 1 SUMRA 1 SUM I A ) 
CALL FACTOR ( X 1 Y 1 ALPHA , BETA 1 Q , R )  
CALL JNORM ( K 1 Q , R , SUMRA 1 SUM I A 1 BJRE , BJ IM ) 
CALL YSUM ( X , Y , ALPHA , BETA 1 K , BJRE , BJ IM , ASUMR 1 ASUM I ) 
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cALL YGNU < x I  Y I ALPHA I BETA , Q ,  R ,  ASUMR , ASUM I I BJRE , B.J IM , YRE I YIM > 
CALL WRONSK ( X 1 Y 1 BJRE , BJIM , YRE 1 YI M )  
I F ( N- 1 ) 1 0 , 12 , 1 1 
. 
I F ( N ) l 3 1 12 , 12 
CALL NEGN ( X , Y , ALPHA , BETA 1 N 1 BJRE , BJ IM 1 YRE , Y I M ) 
GO TO 12 
CALL YRECUR ( X , Y 1 N 1 BJRE , BJ IM , YRE 1 Y I M )  
RETURN 
END 
SUBROUT I NE WRONSK ( X , Y , BJRE , BJ I M , YRE , Y IM ) 
D IMENS I ON BJRE ( lOO ) , BJ IM ( lOO ) , YRE ( S O ) , YIM ( SO )  
SSQ=X*X+Y*Y 
TP I =2 . 0j3 . 1 4 1 5 92 6 5 4  
AZRE=TP I *X/SSQ 
AZ I M=-TP I *Y/SSQ 
ZRE=BJRE ( 2 ) *YRE ( l ) - BJ I M ( 2 ) *YIM ( l )  
Z IM=BJ IM ( 2 ) *YRE ( l ) +BJRE ( 2 ) *YIM ( l )  
BZRE=ZRE -AZRE 
BZ I M=Z I M-AZ I M  
BJSQ=BJRE ( l ) * BJRE ( i ) +BJ IM ( l ) *BJ IM { l )  
CZRE=BJRE { l ) /BJSQ 
CZ I M= ( - BJ I M ( l ) ) /BJSQ 
YRE ( 2 ) =BZRE*CZRE - BZ I M*CZ IM 
YIM ( 2 )"=BZ I M* CZRE +BZRE*CZ I M  
RETURN 
END . 
SUBROUT I NE NEGN ( X , Y , ALPHA , BETA , N , BJRE , BJ IM , YRE , Y I M ) 
D IMENS I ON BJRE ( l OO ) , BJ IM ( 1 00 ) , YRE { SO ) , YIM ( 50 )  
L= I ABS ( N ) + l  
SSQ=X*X+Y*Y 
TX=2 . 0* X 
TY=2 . 0*Y 
RALPHA=ALPHA 
A= ( TX*RALPHA+TY* BETA ) /SSQ 
B= ( - TY*RALPHA+TX* BETA ) /SSQ 
BJRE { 2 ) =A* BJRE { l ) - B*BJ I M { l ) - BJRE ( 2 ) 
BJ IM ( 2 ) =B*BJRE ( l ) +A*BJI M ( l ) -BJ I M ( 2 ) 
YRE ( 2 ) =A*YRE ( l ) -B*YIM { l ) -YRE ( 2 ) 
Y IM ( 2 ) �B*YRE ( l ) +A*Y IM ( l ) -YIM ( 2 )  
DO 1 I =3 , L  
RALPHA=RALPHA- 1 . 0  
A=·( TX* RALPHA+TY*BETA ) /SSQ 
B= ( - TY* RALPHA+TX*BETA ) /SSQ 
BJRE ( I ) =A* BJRE ( I - 1 ) -B*BJ IM ( I - 1 ) - BJRE ( I -2 ) 
BJ I M ( I ) =B* BJRE ( I - 1 ) +A*BJIM ( I - 1 ) -BJ IM ( I - 2 )  
YRE ( I ) =A*YRE ( I - 1 ) - B*YIM ( I - 1 ) -YRE ( I - 2 )  
1 YIM ( I ) =B*YRE ( I - 1 ) +A*YIM ( I - 1 ) -Y I M ( I - 2 )  
RETURN 
-
END 
SUBROUT I NE JRECUR ( X , Y , ALPHA , BETA , K , R , BJRE , BJ I M ) 
D I MENS I ON BJRE ( lO O ) , BJ IM ( 100 ) 
RALPHA=R+ALPHA 
SSQ=X* X+Y*Y 
BJRE ( K+2 ) =0 .  
BJ I M ( K+2 ) =0 .  
BJRE ( K+ 1  ) =1 .  ·oE- 3 7  
BJ I M ( K+ 1 ) =0 . 0  
DO 4 I = 1 , K  
Ll=K+ 1 - I 
RALPHA=RALPHA- 1 . 0  
A= ( ( 2 . 0 *X* RALPHA ) + ( 2 . 0* BETA*Y ) ) /S SQ . 
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B= ( ( - 2 . 0*Y*RALPHA ) + ( 2 . 0*BETA*X ) ) /SSQ 
BJRE ( L1 ) = ( A* BJRE ( L1 + 1 ) ) - ( B* BJ I M ( L l + 1 ) ) -BJRE ( L 1 + 2 ) 
4 BJ IM ( L1 ) = ( B* BJRE ( L1 + 1 ) ) + ( A* BJ IM ( L1 + 1 ) ) - BJ IM ( L 1 + 2 ) 
RETURN 
END 
SUBROUTI NE JSUM ( ALPHA , BETA , K , BJRE , BJ I M , SUMRA , SUMI A )  
D I MENS I ON BJRE ( 1 00 ) , BJ IM ( 100 ) 
8 0 1  SUMRA= ( BJRE ( 3 ) * ( ALPHA+ 2 . 0 ) ) - ( BJ IM ( 3 ) *BETA ) 
SUMIA= ( BETA* BJRE ( 3 ) ) + ( ( ALPHA+2 . 0 ) * BJIM ( 3 ) ) 
GRE=1 . 0  
GIM=O . 
S=1 . 0  
DO 6 I =S , K , 2  
S�S+ 1 . 0  
GREN= ( ( GRE* ( ALPHA+ S - 1 . 0 ) ) - ( BETA*GI M ) ) /S 
G I M= ( ( GI M* ( ALPHA+ S - 1 . 0 ) ) + ( BETA* GRE ) ) /S 
GRE=GREN 
ALPTS=ALPHA+ 2 . 0 * S  
GJR=GRE*BJRE ( I )  
GJI =GIM* BJ I M ( I )  
GJR I =GRE * BJ I M ( I )  
GJ I R=GI M* BJRE ( I )  
SUMRB=ALPTS* ( GJR-GJ I ) -BETA* ( GJ I R+GJRI ) + SUMRA 
SUMI B=ALPTS* ( GJI R+GJRI ) -BETA* ( GJ I -GJR ) + SUMI A  
I F ( ABS ( ( SUMRB/SUMRA ) - 1 . 0 ) - . 00000005 ) 2 1 , 2 1 , 1 0  
2 1  I F ( ABS ( SUMI A ) - 0 . 00000005 ) 1 1 , 1 1 , 2 0 
. 
2 0  I F ( ABS ( ( SUM I B/SUMI A ) - 1 . 0 ) - . 00000005 ) 1 1 , 1 1 , 1 0  
10 SUMRA=SUMRB 
6 SUMI A=SUM I �  
1 1  RETURN 
END 
SUBROUT I NE JNORM ( K , Q , R , SUMRA , SUMIA , BJRE , BJ IM )  
D IMENS I ON BJRE ( 1 00 ) , BJ IM ( 100 ) 
S= ( ( SUMRA+BJRE ( 1 ) ) *Q ) - ( ( SUM IA+BJ IM ( 1 ) ) * R )  
T= ( ( SUMIA+BJ I M ( 1 ) ) * Q ) + ( ( SUMRA+BJRE ( 1 ) ) * R )  
I F ( ABS ( S ) -AB S ( T ) ) 100 , 10 1 , 1 0 1  . 
1 0 1  TS=T/S 
TSSQ=S* ( 1 . 0+ ( TS*TS ) ) 
12 DO 13 I=1 , K  
BJREN= ( BJRE ( I ) +BJ I M ( I ) *TS ) /TSSQ 
BJI M ( I ) = ( BJ I M ( I ) - BJRE ( I ) *TS ) /TSSQ 
13 BJRE ( I ) =BJREN 
GO TO 1 4  
100 ST= S/T 
STSQ=T* ( ( ST* ST ) + 1 . 0 ) 
102 DO 103 I = 1 , K  
BJREN= ( BJRE ( I ) * ST+BJ I M ( I ) ) /STSQ 
BJ I M (  I ) = ( BJ I M (  I ) * ST-BJRE ( I )  )/STSQ 
103 BJRE ( I ) =BJREN 
14 RETURN 
END 
SUBROUT INE YSUM ( X , Y , ALFHA , BETA , K , BJRE , BJ IM , ASUMR , ASUM I ) 
D IMENS I ON BJRE ( 1 00 ) , BJ IM ( 100 ) 
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Al=ALPHA- 1 . 0  
A2=Al - l . O  
A3=Al +ALPHA 
A4=BETA*BETA 
A5=2 . 0*A4 
ABSQ= ( -Al ) * ( -Al ) +A4 
GAMRE= ( ( 2 . 0 +ALPHA ) * ( -Al ) -A4 ) /ABSQ 
GAMI M= ( BETA* 3 . 0 ) /ABSQ 
ASUMR=GAMRE* BJRE ( 3 ) -GAMIM*BJIM ( 3 )  
ASUMI =GAM I M*BJRE ( 3 ) +GAMRE*BJ IM ( 3 ) 
T= l . O  
DO 5 00 I =S , K , 2  
T=T+ l . O  
B l=2 . 0*T 
F 1=Bl +ALPHA 
F2=A3 +T 
F3=A1 +T 
F5=T-ALPHA 
F6=A2 +B1 
G1=F l * F2 -AS 
G2= ( F2 +2 . 0* F1 ) *BETA 
H1=G l * F3 -G2 *BETA 
H2=G2 * F3 +G1 *BETA 
P 1=F5 * F6 +A4 
P2= ( FS - E'6 ) *BETA 
P3=P 1 * P l +P2 *P2 
CRE= ( ( H1 *P 1 +H2 *P2 ) /P3 ) /T 
C IM= ( ( H2 *P 1 -H1 *P2 ) /P3 ) /T 
TEMP=- ( CRE* GAMRE - C IM*GAM I M )­
GAMI M=- ( C I M*GAMRE +CRE *GAMI M )  
GAMRE=TEMP 
BSUMR=GAMRE*BJRE ( I ) -GAMIM*BJ I M ( I ) +ASUMR 
BSUMI =GAMIM* BJRE ( I ) +GAMRE*BJ I M ( I ) +ASUMI 
I F ( AB S ( ( B SUMR/ASUMR ) - 1 . 0 ) - . 00000005 ) 52 1 , 52 1 , 5 1 0  
52 1 I F ( AB S ( ASUMI ) - 0 . 00000005 ) 5 1 1 , 5 1 1 , 52 0  
52 0 I F ( ABS ( ( BSUM I /ASUM I ) - 1 . 0 ) - . 00000005 ) 5 1 1 , 5 1 1 , 5 10 
5 10 ASUMR=BSUMR 
500 ASUM I =BSUM I  
5 1 1  RETURN 
END 
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SUBROUT I NE YGNU ( X , Y , ALPHA , BETA , Q , R , ASUMR , ASUM I , BJRE , BJ I M , YRE , Y I M ) 
D I MENS I ON BJRE ( 100 ) , BJ IM ( 1 00 ) , YRE ( 50 ) , YI M ( 5 0 ) 
P I =3 . 1 4 1 5 9 2 6 5 4  
TP I =2 . 0/P I 
QRE=TP I * ( Q*Q-R*R )  
QIM=TP I * 2 . 0*Q* R 
DRE=QRE*ASUMR-Q I M*ASUMI 
D I M=Q I M* ASUMR+QRE*ASUMI 
I F ( ALPHA ) 1 , 2 , 1 
2 I F ( BETA ) 1 , 3 , 1 
3 CALL YZERO ( X , Y , ALPRE , ALP I M )  
GO TO 7 2 0  
1 PALPHA=P I *ALPHA 
. COX=COS ( PALPHA ) 
S IX=S IN ( PALPHA ) 
EXY=EXP ( P I *BETA ) 
EXY1= 1 .  0 /EXY 
COSH= . S * ( EXY+EXY1 ) 
S INH= . S * ( EXY- EXY 1 ) 
DEN= ( S IX*COSH ) * ( S IX*COSH ) + ( COX* S INH ) * ( COX* S I NH )  
ERE= ( S IX*COX ) /DEN 
E IM= ( -COSH* S INH ) /DEN 
ABSQ3 =2 . 0 * ( ALPHA*ALPHA+BETA*BETA ) 
ALPRE=ERE - ( ( QRE*ALPHA+BETA*Q I M ) /ABSQ3 ) 
ALP I M=E IM- ( ( Q I M*ALPHA- BETA*QRE ) /ABSQ3 ) 
720 YRE ( 1 ) =ALPRE*BJRE ( 1 ) -ALP I M*BJ I M ( 1 ) +DRE 
Y I M ( 1 ) =ALP I M*BJRE ( 1 ) +ALPRE*BJ I M ( 1 ) +D IM 
RETURN 
END 
SUBROUTI NE YRECUR ( X , Y , N , BJRE , BJIM , YRE , YI M )  
D I MENS I ON BJRE ( 1 00 ) , BJ IM ( 100 ) , YRE ( SO ) , YI M ( S O ) 
SSQ=X*X+Y*Y 
TP I =2 . 0/3 . 1 41 5 9 2 65 4  
AZRE= ( TP I *X ) /SSQ 
AZ I M= ( -TP I *Y ) /S SQ 
L=N+ 1 . 
DO 1 I =3 , L  
ZRE=BJRE ( I ) *YRE ( I - 1 ) -BJIM ( I ) *YIM ( I - 1 ) 
Z I M=BJ I M ( I ) *YRE ( I - 1 ) +BJRE ( I ) *Y I M ( I - 1 ) 
BZRE=ZRE -AZRE 
BZ I M=Z I M-AZ I M  
BJSQ=BJRE ( I - 1 ) * BJRE ( I - 1 ) +BJ IM ( I - 1 ) *BJ I M ( I - 1 ) 
CZRE=BJRE ( I - 1 ) /BJSQ 
CZ I M= ( - BJ I M ( I - 1 ) ) /BJSQ 
YRE ( I ) =BZRE*CZRE - BZ I M*CZ I M  
1 YIM ( I ) =BZ I M*CZRE+BZRE*CZ IM 
RETURN 
END 
SUBROUT I NE YZERO ( X , Y , ALPRE , ALP I M )  
COMPLEX R , Z 
TP I =2 . 0/3 . 1 4 1 5 9 2 65 4  
Z=CMPLX ( X , Y )  
R=CLOG ( Z )  
A=REAL ( R )  
B=AI MAG ( R )  
ALPRE=TP I * ( - . 1 15 9 3 15 1 5 7 +A )  
ALP IM=TP I * B 
RETURN 
END 
SUBROUT I NE FACTOR ( X , Y , ALPHA , BETA , Q , R ) 
COMPLEX A , P , W , Z , CLOG , CEXP 
Z=CMPLX ( X , Y )  
A=CMPLX ( ALPHA , BETA ) 
CALL LOGGAM ( ALPHA+ l . O , BETA , U , V ) 
W=CMPLX ( U , V )  
P=CLOG ( Z )  
1 47 
I F ( A I MAG ( P ) ) l , 2 , 2  
1 P=P+ ( 0 . 0 , 6 . 2 83 185 3 07 1 ) 
2 P=CEXP ( W+ ( . 693 1 47 1 8 l , O . ) *A-A*P ) 
Q=REAL ( P )  
R=A I MAG ( P )  
RETURN 
END 
SUBROUT I NE LOGGAM ( X , Y , U , V )  
D I MENS I ON H ( 7 )  
C LOGARI THM OF GAMMA FUNCT I ON 
C X , Y ARE REAL AND IMAGINARY ARGUMENT 
C U ,  V FUNCT I ON VALUES . 
Bl=O . O  
B2=0 . 0  
H ( l ) =2 . 2 694889 74 
H ( 2 ) = 1 . 5 1 7473 649 
H ( 3 ) =1 . 0 1 1 5 2 3 0 68 
H ( 4 ) =5 . 2 5 6064690E- O l  
H ( 5 ) =2 . 5 2 3 80952 4E - O l  
H ( 6 ) =3 . 3 3 3 3 3 3 3 3 3 E - 02 
H ( 7 ) =8 . 3 3 3 3 3 3 3 3 3E - 02 
E2= 1 . 5 70 7 9 6 3 2 679 
E8=3 . 14 1 5 9 2 65 3 5 9  
J=2 
X2=X 
3 79 7  I F ( X ) 2 79 4 , 2 79 3 , 100 
100 B6=ATAN ( Y/X ) 
T=X*X 
5793 B7=Y*Y+T 
C REAL PART OF LOG 
Tl= . S *ALOG ( B7 )  
I F ( X- 2 . 0 ) 1 , 3 7 9 3 , 3 793 
1 Bl=B l +B6 
B2=B2 +Tl 
X=X+ 1 . 0  
J=l 
GO TO 3 79 7  
3 79 3  T3 =-Y* B6+ ( Tl * ( X- . 5 ) -X+9 . 189385 3 3 2E- 0 1 ) 
T2=B6* ( X- . S ) +Y*Tl-Y 
T4=X 
TS=-Y 
. Tl=B7 
DO 2 00 I = 1 , 7 
T=H ( I ) /T l  
T4=T*T4+X 
T5=- ( T*TS +Y ) 
200 Tl=T4*T4+T5 *T 5  
T3 =T4-X+T3 
T2 =-T5-Y+T2 
GO TO ( 87 9 5 , 4794 ) , J  
8 7 9 5  T3 =T3 -B2 
T2=T2 -B1 
4794 I F ( X2 ) 47 9 6 , 479 5 , 4795 
47 9 5  U=T3 
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I 
479 6 
c 
2 793 
5 790 
5 7 9 1  
c 
c 
c 
2 79 4  
5 7 9 7  
2 
3 
9999 
9990 . 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
V=T2 
X=X2 
RETURN 
U=T3 -E4 
V=T2 -E5 
X=X2 
RETURN 
X I S  ZERO 
T=O . O  
I F ( Y ) 5790 , 9999 , 5 7 9 1  
B6=-E2 
GO TO 5 793 
B6=E2 
GO TO 5 79 3  
X I S  NEGATI VE 
E4=0 . 0  
E5=0 . 0  
IE6=0 . 
E4=E4+ . 5 * ( ALOG ( X*X+Y*Y ) ) 
ES=E5 +ATAN ( Y/X ) 
IE6= I E6 + 1  
X=X+ l . O  
I F ( X ) 5 7 97 , 2 , 2  
I F ( MOD ( IE6 , 2 ) ) 3 , 3 7 9 7 , 3  
ES=ES +ES 
GO TO 3 79 7  
WR I TE ( l , 99 9 0 ) X2 , Y 
STOP 
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FORMAT ( ' l  ATTEMPTED TO TAKE LOGGAM OF X= ' , F6 . 0 , 1X , ' Y= '  , F6 . 0 ) 
END 
SUBROUT I NE STARTl ( X , Y , N , K , R )  
SSQ=X*X+Y*Y · 
XTEN=SQRT ( S SQ ) +2 0 . 0  
NTEN= I ABS ( N ) + lO .  
KTEN=XTEN 
M=MAXO ( KTEN , NTEN ) 
M=M/2 
K=2 . *M+ l 
R=2 . *M+2 
RETURN 
END 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * � * * * * * * * * * * * * * * * *  
* *  * *  
* *  K A I * *  Thi s sub rout i ne s  c ompute s the va lue s o f  the 
* *  modi f i ed Be s e l func ti ons . of the fi r s t  and · 
* *  sec ond kind a s  we l l  a s  the i r  fi r s t  and s e c o nd · 
* *  de r i va t i ve s . 
* *  KN = Modi f i ed Be s s e l  o f  fi r s t  kind 
* *  IN = Modi f i ed Be s s e l  o f  sec ond kind 
* *  DKN , D I N  = F i r s t  de rivative s o f  KN and I N  
* *  D2KN ,  D2 I N  = S e c ond de ri vati ve s o f  KN and I N  
* *  
* *  
* * 
* *  
* *  
* *  
* *  
* *  
* *  
... � 
, 
,s .,. 
C * *  N = O rder o f  Be s se l  func ti on * *  
G * * X and Y = Rea l  I Imaginary part o f  the argument * *  
c * * * *  
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
SUBROUT INE KAI ( KN 1 DKN , D2KN , I N 1 D I N 1 D2 I N , N , X , Y )  
COMPLEX KN I D KN  I D2KN ,  IN , D IN ,  D 2  I N ,  z I K1 1 K2 , I 0 . 
XN=FLOAT { N )  
Z=CMPLX { X , Y )  
CALL IM { N I I N ,  z ) 
I F { N . NE . O ) GO TO 1 0  
CALL IM { 1 , D IN , Z )  
D2 I N= IN-D IN/Z 
GO TO 100 
10 CALL I M { N- 1 � IO , Z )  
D I N= I O-XN* I N/Z 
D2 I N= ( XN* * 2 +XN+Z* * 2 ) * I N/Z * * 2 - I O/Z 
100 I F { N . NE . O ) GO TO 200 
CALL KM { N+ 1 1 Kl 1 Z )  
CALL KM { N+2 1 K2 1 Z ) 
KN=K2 - 2 . *K1/Z 
DKN=-K1 
D2KN=K2 -K1/Z 
RETURN 
2 00 CALL KM ( N , KN 1 Z )  
I F ( N . NE . 1 ) GO TO 2 10 
CALL KM ( N+ 1 , K2 , Z ) 
DKN=KN/Z-K2 
D2KN=KN+K2 /Z 
RETURN 
2 10 CALL KM ( N- 1 , K1 , Z )  
DKN=-K1 -XN*KN/Z 
D2KN= ( XN* * 2 + Z * * 2 +XN ) *KN/Z* *2 +K1/Z 
RETURN 
END 
SUBROUTI NE PH ( N 1 PHI N )  
PHI N=O . O  
I F { N . NE . O ) GO TO 1 0  
RETURN 
10 DO 2 0  I = 1 , N  
20 PHI N=PHIN+ 1 . /FLOAT ( I )  
RETURN 
END 
SUBROUT I NE FACT ( N , FACTO ) 
I F ( N . NE . O ) GO TO 10 
FACT0= 1 . 0  
RETURN 
10 FACT0= 1 . 0  
DO 2 0  I = 1 1 N  
2 0  FACTO=FACTO* FLOAT ( I )  
RETURN . 
END 
SUBROUT INE GAMMF ( N , GAMMA ) 
CALL FACT ( N- l , GAMMA ) 
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I 
RETURN 
END 
SUBROUTI NE  I M ( N , I N , Z )  
COMPLEX IN , z I SUM 
ER=l . OE-20 
K=O 
SUM= ( O . O , O . O )  
5 CALL FACT ( K , FACTO ) 
CALL GAMMF ( N+ K+ l , GAMMA ) 
IN= ( Z/2 . ) * * ( 2 * K+N ) / ( FACTO*GAMMA ) +SUM 
I F ( ( CABS ( IN ) - CABS ( SUM ) ) . LT . ER ) RETURN 
SUM= IN 
K=K+ 1 
GO TO 5 
END 
SUBROUTI NE KM ( N , KN , Z )  
COMPLEX KN , Z , IN , SUM , SUMl 
EULER=0 . 5 772 1 5 6  
SUM= ( O . O , O . O )  
SUMl= ( O . O , O . O )  
ER=l . OE- 1 5  
CALL IM ( N , I N , Z )  
SUM= ( - l . ) * * ( N+ l ) * ( CLOG ( Z/2 . ) +EULER ) * IN 
NM=N- 1 
DO 1 0  K=O , NM  
CALL FACT ( N- K- l , FACTO ) 
10 SUMl=SUM1 + ( - l . O ) * * K* FACTO* ( ( Z/2 . ) * * ( 2 *K-N ) ) 
SUM=SUM+0 . 5 * SUM1 
K=O 
SUMl= ( 0 .  I 0 .  ) 
1 5  CALL PH ( K , PH i l )  
. CALL PH ( N+ K ,  PHI O )  
PHI 2 =PH I O+PH I 1 
CALL FACT ( K , FACTO ) 
CALL FACT ( N+ K , FACT2 ) 
KN=PH I 2 / ( FACTO* FACT2 ) * ( ( Z/2 . ) * * ( N+ 2 * K ) ) + SUM1 
I F ( ( CABS ( KN ) - CAB S ( SUMl ) ) . LT . ER ) GO TO 2 0  
SUMl=KN 
K=K+ l 
GO TO 1 5  
2 0  KN=SUM+ ( ( - l . ) * *N ) /2 . *KN 
RETURN 
END 
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